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Kapitel 1

Introduction

1.1 Mesoscopic physics

Mesoscopic physics has been a rapidly growing �eld in solid state physics
for the last two decades [1, 2, 3, 4]. Being located between the macroscopic
world of classical physics and the microscopic world of quantum mechanics
it is concerned with electronic properties of systems which are, on the one
hand, large enough to use statistical methods, but on the other hand, are
su�ciently small that the quantum mechanical phase has to be included.
Most of the observed non-classical e�ects are due to a reduced dimension-
ality with respect to characteristic length scales. Among them are the
electron wavelength �, the phase-coherence length l�, as well as scatter-
ing lengths for elastic le, electron-electron le�e and electron-phonon le�ph
scattering. For a solid these lengths are typically in the range of nano-
to micrometers. The computer industry's demand for smaller and faster
electronic devices has fuelled the development of manufacturing techniques
for this range, which has made mesoscopic physics accessible to the exper-
imentalist.

A few quantum e�ects like superconductivity, weak localization or the
quantized Hall-resistance [5] can even be observed in macroscopic devices.
Nevertheless the major part of mesoscopic physics is restricted to the submi-
crometer range and to low temperatures, where electron scattering lengths
are large compared to the device size. The most famous phenomena are the
Aharanov-Bohm e�ect (resistance oscillations with respect to the magnetic
�eld) [6], the Josephson e�ect [7], the quantization of the electrical resis-
tance in a quantum point contact [8], Coulomb blockade in small electrical
islands [9] and quantum dots [10], which behave like arti�cial atoms. The
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6 KAPITEL 1. INTRODUCTION

latter two are in consideration for possible computing devices in the future.
The electrical quantity, which is commonly studied, is the resistance in

the linear current-voltage (I-V) regime. On the other hand, electrical noise
or current uctuations give additional information about electrical charge
transport not accessible by resistance measurements. Therefore noise has
become a powerful tool whose importance in mesoscopic physics has con-
tinually increased for the past years [11].

1.2 Current uctuations

1.2.1 General

The current I(t) owing through a device exhibits uctuations �I = I (t)�
hIi in time around the average hIi. The noise is de�ned as the mean square
uctuations of �I per unit frequency bandwidth, i.e. the spectral density
of the uctuations. Experimentally the uctuations are measured within a
�nite frequency bandwidth determined by a band-pass �lter restricting fre-
quencies to an interval [! ��!=2; ! +�!=2]. Mathematically, we express
the uctuations in this interval as follows [12]:

�Iband (t) =
1

2�

Z !+�!=2

!��!=2

h
�bI (!) e�iwt +�bI� (!) eiwti d!; (1.1)

where �bI(!) is the Fourier transform of �I(t). The second term in the
integral arises from frequencies with negative sign. For �! � ! the mean

squared uctuations
D
(�I)

2
E
are proportional to the width of the frequency

interval �f = �!=2�. Therefore, we obtain for the spectral density:

SI (!) :=
D
(�Iband)

2
E
=�f: (1.2)

To derive the frequency-dependence of Eq. (1.2), we need to know on which
time scale the uctuations take place. This is described by the correlation
function that connects the uctuations at two di�erent instants t0 and t0+t:

	I (t0; t0 + t) := h�I (t0)�I (t0 + t)i : (1.3)

The averaging is performed over an ensemble of identical systems. In the
ergodic case, this is equivalent to averaging over t0, meaning that 	I de-
pends only on the time di�erence t. From the Wiener-Khintchine theorem
we know that the spectral density is exactly twice the Fourier transform of
	I [13]:

SI (!) = 2b	I (!) = 2

Z 1

�1

h�I (t0)�I (t0 + t)i eiwtdt: (1.4)



1.2. CURRENT FLUCTUATIONS 7

Usually physical systems have a certain relaxation time � , after which all
correlations are lost. Therefore, the correlation function 	I (t) tends to
zero for t � � and the noise becomes frequency-independent for ! � 1=�
(white noise). Normally in an electric transport experiment the sampling
rate is much slower than any characteristic relaxation time. This does not
mean that the uctuations vanish or cancel out. They are still present as a
white background noise. The most prominent examples are shot noise (Sec-
tion 1.2.2) and thermal noise (Section 1.2.3). A di�erent case is realized for
an ensemble of two-level systems, which uctuate thermally activated. The
characteristic transition time is calculated from the quantum-mechanical
tunneling probability and can be very high. The frequencies are broadly
distributed, the spectral density is not white any longer, but typically has
a 1=f -dependence [14]. At low temperatures however most of these two-
level systems freeze out and give no signi�cant contribution at the usual
measuring frequencies.

1.2.2 Shot noise

The discreteness of electrical charge is the origin of uctuations termed shot
noise. This e�ect was �rst described by Walter Schottky [15]. If we assume
that the electrons pass completely independent through a conductor, then
the number of charge quanta N in a time interval T uctuates and can
be described by Poissonian statistics. The average number is given by the

mean current hNi = hIiT=e and the mean square deviation is
D
(�N)2

E
=

hNi, which is used to calculate the current uctuations:

D
(�I)2

E
=

e2
D
(�N)

2
E

T 2
=

e hIi
T

: (1.5)

With Eq. (1.3) and Eq. (1.4), we can determine the universal shot noise
expression in the zero-temperature limit:

SI = 2e jI j : (1.6)

The shot noise power is twice the product of the charge quantum and the
mean current owing through a device. This e�ect can be observed in vac-
uum tubes or in tunnel junctions where the charge quanta are transferred
independent of each other. Interestingly, correlation phenomena like the
Pauli principle or Coulomb interaction can substantially suppress shot noise
in mesoscopic systems. If on the other hand, several electrons are trans-
ferred simultaneously, shot noise is increased, e.g. Andreev-reection at
an NS-junction [16]. Since shot noise depends on the correlation of charge
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quanta, a measurement gives additional information about the electrical
transport which is not accessible via conductance measurements.

1.2.3 Thermal noise

Every resistor, which is in thermal equilibrium with its environment, dis-
plays uctuations due to thermal activation, even if no bias voltage is ap-
plied. This was �rst observed by Johnson [17]. To explain it with a simple
model we assume the resistor R to be shunted by a capacitor C (Fig. 1.1), in
which the equilibrium energy 1

2ChU2i = 1
2kT is stored. An instantaneous

voltage uctuation U at time t0 decays with a characteristic time RC thus
producing a uctuating current in the resistor:

I (t) =
U

R
e�(t�t0)=RC for t > t0: (1.7)

Introducing this I (t)-behaviour into Eq. (1.4) we get:

SI = 2

Z 1

�1

h�I (t0)�I (t0 + t)i eiwtdt = 4

Z 1

0



U2
�

R2
e�t=RCei!tdt: (1.8)

Using


U2
�
= kT=C, we obtain:

SI =
4kT

R

1

1� i!RC
: (1.9)

Since a real resistor always has a parasitic capacitance, the frequency
(RC)�1 is therefore the natural frequency cut-o� of the thermal noise. For
an ideal resistor we get white noise by making the transition C ! 0 and

Abbildung 1.1: a) RC-circuit used to derive the thermal noise of a resistor in
thermodynamical equilibrium with its environment. b) Equivalent circuit
with a current noise source in parallel. c) Equivalent circuit with a voltage
noise source in series to the resistor.
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we obtain the thermal noise of a resistor R:

SI =
4kT

R
: (1.10)

In a device like a tunnel junction both thermal and shot noise are present.
At zero applied voltage the noise is determined by thermal noise, whereas
for eV � kT shot noise dominates. The crossover is described by:

SI = 2e jI j coth
�
e jV j
2kT

�
: (1.11)

1.3 The Landauer-B�uttiker formalism

1.3.1 General

A very successful theory to describe electric charge transport in mesoscopic
devices has been developed by Landauer and B�uttiker [18, 19, 20, 21]. The
electrical conduction of a device is reduced to a scattering problem. The de-
vice is represented as a scattering region, whereas the contacts are described
by ideal reservoirs with given chemical potential � and in thermodynamical
equilibrium at temperature T . The reservoirs are connected to the scat-
tering region via ideal leads, where no scattering takes place (see Fig. 1.2).
The leads consist of 1-dimensional conducting channels which are the sub-
bands or transversal modes of the leads and are described by a quantum-
mechanical wavefunction. Every channel contains incoming and outgoing
states. When reaching the scattering region, an electron in an incoming
state is scattered into one of the outgoing states and is �nally absorbed by
another reservoir. In the reservoirs the electrons scatter inelastically, lose
all phase information and are thermalized. Thus only electrons injected
from the same reservoir can exhibit interference e�ects. Every occupied
mode, i.e. every subband below the chemical potential, injects a current
from the reservoir into the lead, which reads:

I =
e

h
�: (1.12)

Now we de�ne Tij;mn as the probability that an electron in mode n
coming from reservoir j is scattered into mode m of reservoir i. With Tij =PMi

m=1

PMj

n=1 Tij;mn, which is the sum of all transmission probabilities from
reservoir j to reservoir i, a fundamental relation between applied chemical
potentials and currents is given by:

Ii =
e

h

X
i6=j

Tij (�i � �j) : (1.13)
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Abbildung 1.2: Four-terminal
device with two modes. The
incoming states from the
reservoirs are scattered into
outgoing states.

This equation is the mesoscopic analogon to the second Kirchho� law. With
the knowledge of Tij every circuit in mesoscopic physics can be described.

Since �1 � �2 = eV , the conductance for a two-terminal conductor is
given by:

G = G0

NX
n=1

Tn; (1.14)

with G0 :=
e2

h and Tn being the transmission probability of channel n from
one reservoir to the other and N the number of occupied channels. For
a perfect wire, which has no scattering, all the transmission probabilities
equal one and the conductivity is quantized in units of G0: G = N � G0.
Since there is no scattering in such a wire, uctuations (noise) are absent
in a perfect wire. However for 0 < T < 1, the uncertainty of whether an
electron is transmitted or not gives rise to current uctuations, which are
proportional to T (1� T ). The noise at zero temperature (again for the
two-terminal conductor) is given by [22, 23, 24, 25, 26]: 1

SI = 2e jV j e
2

h

NX
n=1

Tn (1� Tn) : (1.15)

1Note, that a more general expression of Eq. (1.15) is SI = 2e jV j e
2

h
Tr tty(1� tty),

where t is the transmission matrix, that connects the quantum mechanical wavefunction
of the incoming states with those of the outgoing states. Therefore, Eq. (1.15) is only
correct if tty is diagonal, i.e. the modes are chosen to be eigenfunctions of tty and the
transmission probabilities Tn are its eigenvalues.
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The noise is therefore largest for a channel with T = 1
2 . If all the transmis-

sion probabilities are small (Tn � 1), e.g. for a tunnel barrier, we obtain
the classical value SI = 2e jI j. In this case the tunnel events are so rare
that successive events are uncorrelated which results in full shot noise.

1.3.2 The ballistic regime

With the help of Eq. (1.15) we are able to calculate the noise in the short-
est possible wire, a ballistic wire, where only scattering with the walls
are allowed (Fig. 1.3). A realization of such a conductor is the quantum

Abbildung 1.3: Two possible
trajectories in a ballistic wire,
where only elastic scattering
with the walls are permitted.

point contact, which is obtained by con�ning a two-dimensional electron
gas (2DEG) at a very small constriction on the order of the Fermi wave-
length. By varying the gate voltage the number of transversal modes can
be adjusted. Every occupied mode has full transmission and contributes a
conductance of 2G0 (the factor 2 comes from the spin degeneracy). The

Abbildung 1.4: Conductance and shot noise in a quantum point contact
(ballistic wire) as a function of the Fermi energy. The conductance (solid
line) is quantized in steps of 2G0 = 2e2=h corresponding to the number of
modes below the Fermi level. Whenever the Fermi energy crosses a new
mode, a noisy channel with a transmission probability between 0 and 1
contributes to the noise power (dotted line).
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conductance is therefore quantized in units of 2G0 [8]. Every unoccupied
mode has zero transmission meaning that only noiseless channels are present
except if the highest mode is crossing from unoccupied to occupied and has
therefore a transmission probability between 0 and 1 (see Fig. 1.4). This
was con�rmed by Reznikov et al. and Kumar et al. [27].

1.3.3 The di�usive regime

If the wire length L exceeds the typical elastic scattering length le, the mo-
tion of the electrons changes from ballistic to di�usive. The electrons are
scattered at atomic defects and grain boundaries. The energy is hereby con-
served, whereas the direction of the momentum and the phase is changed.
The propagation of the electron can be considered as a random walk and
therefore a certain probability exists for an electron to be reected back
into the injecting reservoir (Fig. 1.5). The exact knowledge of all the trans-

Abbildung 1.5: Random walk
of an electron in a di�usive
wire due to elastic scattering
at impurity atoms or grain
boundaries.

mission probabilities is no longer possible, since every wire has a di�erent
random distribution of defects and the number of channels is huge. Never-
theless a statistical prediction can be made for a large number of parallel
channels. As mentioned above the transmission probabilities are the eigen-
values of the scattering matrix. By taking a large number of unitary ran-
dom matrices and calculating their eigenvalues, an ensemble average can be
performed which results in a probability distribution for the transmission
probabilities [28]:

p(T ) =
Nle
2L

1

T
p
1� T

: (1.16)

This is the main result of random matrix theory (RMT), which was initially
used to describe the energy level statistic in a nuclear core. Eq. (1.16) is
a bimodal function with the two peaks at T = 0 and T = 1, meaning that
most of the channels are noiseless. Inserting Eq. (1.16) into Eq. (1.15) and
integrating over T yields:

hP i = 1

3
� 2e jI j : (1.17)
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Hence shot noise is suppressed by a factor of 3 with respect to the classical
value [29]. The brackets around P denote an ensemble average. This is valid
if the number of modes N � 1. In a metallic nanowire with cross-sectional
dimensions of 50 nm x 50 nm, there are about 104 parallel channels. This
can be estimated using N ' A=�2F , where A is the cross-section of the wire
and �F the Fermi wavelength.

1.4 The semiclassical approach

1.4.1 Non-interacting regime, L� le�e

Nagaev proposed a semiclassical approach to determine the noise in a di�u-
sive wire [30]. Starting from a kinetic equation for the electron occupation
probability f(E; x), current noise is shown to be related to the uctua-
tions of the occupation number given by f(1� f). Explicitly, the following
equation was derived:

SI = 4G

�Z 1

�1

f (E; x) [1� f (E; x)] dE

�
wire

: (1.18)

In this approach, phase coherence is not required in contrast to random
matrix theory. Furthermore, it has the advantage that inelastic scatter-
ing processes can easily be included. They are introduced by scattering
integrals Iee for electron-electron scattering and Iph for electron-phonon
scattering. f can be obtained by the following di�usion type equation:

D
d2

dx2
f (E; x) + Iee(E; x) + Iph(E; x) = 0: (1.19)

D is the di�usion coe�cient of the electrons [31]. The boundary conditions

are given by Fermi-Dirac distributions with f (E; 0) = [exp(E=kT ) + 1]
�1

for the left reservoir and f (E;L) = [exp ((E � eV )=kT ) + 1]
�1

for the right
reservoir. It is assumed that the reservoirs keep the two ends of the wire
at constant electrochemical potential 0 and eV , resp., and at a constant
temperature T (Fig. 1.6 bottom left). If inelastic scattering is absent (non-
interacting regime), the solution of Eq. (1.19) is a linear combination of the
two reservoir distribution functions (0 � x � L):

f (E; x) =
L� x

L
f (E; 0) +

x

L
f (E;L) ; (1.20)

which has the shape of a two-step function (Fig. 1.6 bottom right). At zero
temperature f = 0 for E > eV and f = 1 for E < 0. Only in the range
0 < E < eV , f can assume a value between 0 and 1 and can therefore
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contribute to uctuations. In this range f depends only on x: f = x=L.
From Eq. (1.18) we deduce the noise as

SI = 4G � eV � hf(1� f)ix = 1

3
2e jI j : (1.21)

Abbildung 1.6: The electron distribution function of a wire connected to
two large reservoirs at its ends is shown for the case of an applied voltage
V . In the reservoirs and at the wire ends the distribution function is a
Fermi-Dirac distribution at the chemical potential 0 and eV (bottom left).
Within the wire it is a two-step function if no inelastic scattering is present,
L � le�e (solid line) or it is a Fermi-Dirac distribution with an e�ective
electron temperature kTe being of the order eV if L� le�e (dashed line).

The same suppression factor is found like in the Landauer-B�uttiker for-
malism. Moreover, the sequential transfer of electrons through a series of
tunnel barriers has also been shown to lead to exactly the same noise reduc-
tion factor of 1=3 in the limit of a large number of barriers [32]. Recently the
universality of the 1/3-suppression factor has been extended to multiter-
minal di�usive conductors with arbitrary shape and dimension [33]. Note
that this reduction factor does not depend on any geometrical parameter
like length, width or thickness nor on the sample resistance.

The fact, that the same reduction factor of 1=3 is derived from a quan-
tum mechanical and a classical model, could be ascribed, on �rst sight,
to a numerical coincidence. However this identity is not so astonishing,
if one considers that the Drude conductance G = G0Nle=L can also be
deduced quantum mechanically (from Eq. (1.16)) as well as classically. Both
conductivity and noise rely on the same principles [34].
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1.4.2 Interacting regime, L� le�e

Another special case arises if L� le�e. The electrons can exchange energy
among each other and are therefore in a local thermodynamic equilibrium.
Hence, the occupation probability f(E; x) is described by a Fermi-Dirac
distribution with a local electron temperature Te(x) at the electrochemical
potential �(x) = x

LeV :

f (E; x) =
1

e
E��(x)

kTe(x) + 1
: (1.22)

The temperature pro�le Te(x) along the wire can again be calculated from
Eq. (1.19), which reduces to a heat-ow equation. If no electron-phonon
scattering is present, it reads as:

$0

2

d2T 2
e

dx2
= �

�
V

L

�2

; (1.23)

where $0 = �2

3

�
k

e

�2
is the Lorenz number. Eq. (1.18) turns now into

SI = 4k hTeix =R. Hence, the excess noise can now solely be interpreted
as thermal noise of the hot electrons and SI is determined by the electron
temperature averaged over the whole wire length. An analytical solution
exists for the temperature pro�le:

Te(x) =

s
T 2 +

x

L

�
1� x

L

� V 2

$0

: (1.24)

For zero temperature it yields

SI = 4khTei=R =

p
3

4
� 2e jI j : (1.25)

The noise is again proportional to the current, but has a somewhat higher
suppression factor of

p
3=4 ' 0:43.

If we allow electron-phonon scattering, there is an additional term in
Eq. (1.23). Since the electron temperature is higher than the phonon tem-
perature, there is an energy transfer from the electron to the phonon gas.
This reduces the mean electron temperature and therewith the noise in the
wire. But as the noise is no more proportional to the current, it is not pos-
sible to specify a reduction factor. For L� le�ph, the noise is proportional
to L�2=5 at constant current I and constant wire resistance R and vanishes
therefore in the macroscopic limit L!1.
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1.5 Overview of the di�erent length regimes

Fig. 1.7 illustrates the di�erent length regimes of shot noise. It serves as
a guide through this thesis. After a report on how the samples used in
this thesis have been prepared (Chapter 2), the experiment described in
Chapter 3 is an example for current uctuations in the ballistic regime.
We have used a quantum point contact as a mesoscopic beam splitter and
performed an experiment, which is the fermionic analogon to the famous
Hanbury-Brown and Twiss experiment. Chapter 4 concentrates on the
range L � le�e. Steinbach et al. [35] have previously con�rmed the

p
3=4-

suppression for L � le�e, but got a value between 1=3 and
p
3=4 for L �

le�e. We were able to measure the 1=3-shot noise suppression. A detailed
discussion is given, under which circumstances this is possible. Chapter 5
describes the crossover from L � le�ph to L � le�ph, which has been
unexplored before. A di�erential equation for the heat-di�usion in a wire
with L � le�e is given. Solving it provides the temperature pro�le in the
wire [36]. Finally in the limit L � le�ph noise can be used as a tool to
measure the electron temperature in a heated wire [37]. This is used in
Chapter 6 to study the electron-phonon interaction and in Chapter 7 to
measure the thermopower in AuFe spin glass wires.

Abbildung 1.7: Noise suppression factor SI=2e jI j as a function of the
wire length. Only for ballistic and macroscopic large wires the shot noise
vanishes. On a mesoscopic scale there are two universal values: 1=3 for
le � L � le�e and

p
3=4 if le�e � L � le�ph. A noise measurement is

therefore a tool to determine scattering lengths like le�e and le�ph.



Kapitel 2

Sample fabrication and
measurement techniques

2.1 Micro- and nanostructuring

As mentioned in Section 1.1 the mesoscopic samples have to be con�ned in
size in at least one dimension to the order of characteristic length scales like
the electron wavelength or typical scattering lengths. At low temperature
these are normally of the order of 1 �m or smaller. Thin �lm evaporation
provides a straight-forward tool to fabricate a two-dimensional quantum
system on an insulating substrate. In principle no limit is given for the
smallness of the �lm thickness. Many of the interesting quantum e�ects
however are only present in systems with even lower dimensionality like
quantum wires for the one-dimensional case or quantum dots for the zero-
dimension limit. For the manufacturing of these structures lithographic
techniques have to be used [38].

The most common used technique in mesoscopic physics is electron
beam lithography. A high-energetic electron beam is focussed onto a resist
layer spun on top of the substrate. The beam can be deected to any point
within a given writing �eld. A computer controls its position such that
it follows a prede�ned pattern, which is developed chemically afterwards.
For mass production of large areas, however, optical and X-ray lithography
are more suitable, since it is a parallel process, where the whole sample is
exposed simultaneously. A previously de�ned mask is positioned over the
resist and is illuminated by UV- or X-ray radiation. Contrary to e-beam
lithography, the exposure time is independent of the structure size. But
for every pattern a mask has to be produced by e-beam lithography before.

17
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Since in research the pattern has to be changed very often, electron-beam
lithography is preferably used due to its higher exibility and its better
resolution.

After the development of the resist, the pattern has to be transferred
into a desired material. Two standard processes are described in Fig. 2.1.
The left column explains the lift-o� process, which is a typical additive
process, whereas the right column represents a subtractive process. In the
�rst case a resist layer is spun directly onto the substrate. The desired areas
are then exposed to the electron beam. After the chemical development a
thin layer is evaporated and makes direct contact to the substrate at the
exposed region. In a last step the remaining resist is removed. In contrary
in a subtractive process the thin layer of the desired material is evaporated
on the substrate before a resist layer is spun on top of it. After the exposure
and development step, an etching process is used to remove the material
layer at all the places, which have been exposed before. The remaining
resist is then removed as well.

All the samples, which were relevant for this work, were manufactured
with electron beam lithography combined with the lift-o� process. There-
fore only this technique is described further in the rest of this chapter.

2.2 Electron beam lithography

2.2.1 Substrate and resist

Monocrystalline pieces from a Si-wafer are usually used as a substrate.
They are commercially available as disks with a typical diameter of a few
inches and a thickness of a few hundred microns. The polished side has a
very small roughness and is therefore suitable for spinning a resist on it.

Before the Si-wafer can be used, its surface has to be cleaned from
contaminations. Organic particles can be removed using organic solvents
or with a mixture of acids, e.g. H2SO4:H2O2=3:1. If the Si-wafer has been
exposed to oxygen, and this is normally the case, a thin layer of native
SiO2 is present, which saturates the dangling bonds of the Si. If this is
undesired, it can be removed with HF, thus leaving a clean surface, where
the unsaturated Si bonds are terminated with a hydrogen atom instead. In
many cases however a SiO2 layer is useful as an insulator. In such a case a
thick oxide layer can be grown, which is done in an oxygen environment in
a high temperature furnace.

The resist layer, which is placed on the substrate, consists in most cases
of long polymeric chains. The exact composition depends on the used radi-
ation and the desired spatial resolution. One distinguishes between positive
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Abbildung 2.1: Two di�erent approaches for a pattern transfer from the
resist (grey) into the metal (black). In the lift-o� process (left column), the
metal layer is evaporated on the developed resist and after dissolution of
the resist the remaining metal pattern is the same as the written pattern.
In a subtractive process (right column) a full metal layer is evaporated on
the substrate and afterwards the undesired pieces are etched away.
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and negative resist (Fig. 2.2). In the positive case the electrons entering

Abbildung 2.2: Schematics
of the polymer chains of a
positive and a negative re-
sist. In the �rst case the elec-
trons cut the polymer chains,
whereas in the latter case, a
cross-linking between polymer
chains takes place [39].

the resist cut the polymeric chains into smaller pieces. On the other hand
for a negative resist, additional cross-links between the chains are produced
by the electrons, thus increasing the molecular weight of the exposed re-
sist. In both cases the developer uid dissolves the components with lower
molecular weight. In a positive resist the exposed area is removed while
the unexposed remains and vice versa for the negative resist. For electron-
beam lithography poly-methyl-methacrylate, abbreviated as PMMA, has
been established as a standard positive resist.

Abbildung 2.3: Plot of
the �lm thickness after
development as a func-
tion of dose. The three
curves to the right cor-
respond to PMMA with
di�erent developers, the
left curve corresponds
to PMPS-Novolak re-
sist. The contrast pa-
rameter  represents the
steepness of the curves
[40].
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2.2.2 Exposure and development

Every resist and its development process can mainly be characterized by
two parameters: the clearance dose, given in charge per unit area, which
describes the required dose needed to fully remove the exposed resist in the
development process, and the contrast parameter , which represents the
range of exposure dose where the resist changes from exposed to unexposed
(Fig. 2.3). For high resolution lithography a high contrast is required. This
is normally combined with a high clearance dose, which results in a long
exposure time. Those two parameters can be tuned by the molecular weight
of the polymers and the composition of the developer.

As shown in Fig. 2.4 the electrons are scattered in the resist (forward
scattering) as well as backscattered from the substrate back into the resist.
Along their trajectories secondary electrons are emitted, which are respon-
sible for the cutting or cross-linking of the polymeric chains. The exposed
area is therefore not limited to the beam diameter, but widens up depend-
ing on the typical scattering lengths. The intensity as a function of the
distance r from the center of the beam can be described by a two-gaussian

Abbildung 2.4: Top: Monte-
Carlo simulation of 100 elec-
tron trajectories in PMMA
for a 20-keV electron beam
[41]. Bottom: Dose dis-
tribution for forward scatter-
ing and backscattering at the
resist-substrate interface [39].
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function [42]:
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where � and � are the typical lengths for forward scattering and backscat-
tering, respectively and � is the relative weight of the backscattering dose.
For an electron energy of 35 keV, which was used throughout this work,
� is about 75 nm in a PMMA resist. The parameter � depends on the
used substrate material as well. In the case of a Si substrate, � amounts to
about 5:8 �m. The resolution of e-beam lithography is mainly determined
by those two parameters.

2.2.3 Electron beam writer

Fig. 2.5 shows the schematic of an electron beam lithography system. Like
in a scanning electron microscope, an electron beam is generated and fo-
cussed onto the substrate. A �lament is set to a high negative voltage and
is heated by a current such that thermal electrons are emitted (thermal
emitter). Materials like tungsten (W) or single-crystal lanthanum hexa-
boride (LaB6) provide a suitable current. A higher current density can be
obtained, when using a sharp �lament tip in ultra high vacuum. The radius
of the tip has to be so small (a few nm), such that the electric �eld is high
enough enabling the electrons to tunnel into the vacuum (�eld emitter).

Magnetic coils are used to focus the electron beam on an aperture, which
limits the current. The electrons passing through the aperture are focussed
with strong magnetic image lenses onto the substrate to a spot of the order
of 10 nm. Electrostatic plates are placed between electron gun and aperture
and are used to turn on and o� the electron beam at a rate of MHz (beam-
blanker). Below the aperture, deection coils direct the electron beam to a
prede�ned location within the scan �eld. The sample itself can be moved
by a motorized stage to allow for a sequential writing on a larger area
than the scan �eld. Beam-blanker, deection coils and motorized stage are
controlled by a computer, where the pattern to be exposed is stored.

The probe current can be adjusted by the aperture angle. A larger angle
leads to a higher current but also to a larger spot size, since the spherical
abberations become higher. Therefore small structures, which need high
resolution, are written with a small probe current, whereas for large areas,
high probe currents are used resulting in a small exposure time.
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Abbildung 2.5: Schematics of a professional electron beam writer [43].

2.3 Pattern transfer

2.3.1 Thin �lm evaporation

The structure written in the resist has to be transferred into a layer of the
desired material, in our case a polycrystalline metal �lm. In the lift-o�
process, this is made by evaporating a thin metal �lm on the developed
resist (see Fig. 2.1). For a successful removing of the resist afterwards, the
resist pro�le has to be undercut. If the walls of the resist are perpendicular
to the substrate or even overcut, the �lm on the substrate and the one on
the resist are connected. Due to the electron scattering mechanism, such
an undercut pro�le is normally obtained with electron beam lithography.
From Fig. 2.4 it is evident that the exposed region widens up in the resist,
thus producing a nice undercut pro�le. A picture of a typical pro�le is
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shown in Fig. 2.6.

Abbildung 2.6: PMMA-resist
pro�le after development in
MiBK:IPA=1:3 for 45 s. The
sample was cleaved after the
development and inspected
under the SEM.

The metal evaporation takes place in a high vacuum environment with
a base pressure of typically 10�8 to 10�7 mbar (see Fig. 2.7). The metal
to be evaporated is heated. This increases its vapor pressure and atoms
are then thermally emitted into all directions and form a thin �lm when
reaching the sample surface. The heating of the material can be performed
using various approaches. A straight-forward method is to place the ma-
terial in a current-heated boat made of a high-melting material such as

Abbildung 2.7: Schematics of an evaporation facility. A radiation shield
prevents the sample stage from being heated by radiation from the pocket.
The sample holder can be tilted by two axis to allow for shadow evaporation.
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tungsten or molybdenum. A more common method is to accelerate an
electron beam on the material, which is placed in a water-cooled pocket.
The temperature gradient between the material to be evaporated and the
pocket allows to evaporate high-melting materials like niobium without
material from the pocket being evaporated simultaneously. When using
several pockets with di�erent materials, a sequence of several layers can be
evaporated without breaking the vacuum. The combination of more than
one evaporation source enables to co-evaporate di�erent materials simul-
taneously. This yields alloy �lms with a stoichiometry determined by the
relative evaporation rate. Parameters like evaporation rate or sample tem-
perature determine the disorder of the evaporated �lm and with it its low
temperature electrical resistivity.

In Fig. 2.8 a sample after thin �lm evaporation, but before lift-o� is
shown. Two lines are written into the resist, which results in small slits
after the development. Two metallic lines are evaporated on the substrate
through the slits. As a last step the residual resist is removed within a
solvent like acetone.

Abbildung 2.8: Scanning elec-
tron micrograph of a sam-
ple after thin �lm evapora-
tion and before lift-o�. Two
metallic lines (indicated by ar-
rows) are evaporated through
the two slits. The picture
was made with an acceleration
voltage of only 1 kV in order
to avoid resist damage during
imaging.

2.3.2 Multilayer e-beam, alignment

For most of the samples more than just one layer has to be evaporated. If
the same pattern is required for di�erent materials, this can be done in one
lithography step with the subsequent evaporation of the desired materials
without breaking the vacuum. This ensures a good contact between the
layers. For most metals, e.g. Au, Al, Cu, a thin �lm of Ti or Cr has
to be evaporated on the substrate before as an adhesion layer. In most
cases however, the patterns are di�erent, e.g. a nanowire sample previously
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made has to be attached to contact pads of macroscopic size. Only in very
special cases this can be performed in one lithography step using the tilt
angle evaporation technique (Section 5.2). In most cases two lithography
steps have to be performed. After the �rst structure has been made, a
new resist is spun on the substrate and is exposed by the electron beam as
well. To align both layers with respect to each other, some alignment marks
have to be written in the �rst lithography step. Usually large alignment
marks are placed on the substrate as so-called global marks in order to
roughly �nd the position of the samples. Smaller alignment marks are
placed next to each structure such that the second layer can be placed with
a high accuracy. This procedure allows to produce a lot of structures in a
�rst step and to select those to be contacted for measurements later (see
Fig. 2.9).

Abbildung 2.9: Scanning elec-
tron micrograph of two sam-
ples, from which one has been
contacted with large pads in a
second lithography step in or-
der to enable a four-terminal
measurement.

2.3.3 Resolution

The resolution of an imaging system is de�ned by the smallest distance, at
which two points can be separated. In analogy for a lithography system
the resolution is determined by the minimum separation of two written
lines. For e-beam lithography it is given by the width of the dose distri-
bution function, which is mainly the parameter �. The width of a single
line however is a function of the applied line dose and can be signi�cantly
smaller. The inset of Fig. 2.10 shows the dose pro�le as a function of the
distance from the middle of the line. The width of the line is then given by
the distance of the two points, where the dose pro�le function equals the
clearance dose. Since this function is best described by a gaussian function,
there is a logarithmic behaviour between the line dose and the line width.
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A typical curve is shown in Fig. 2.10. A doubling of the line dose results in

Abbildung 2.10: Due to the shape of the developed area in the resist, the
line width can be reduced when evaporating under a tilt angle. The graph
shows the measured line width of a Au wire under normal, 12� and 17�

tilt angle. Except for the smallest wire around 20 nm, which consisted of
partially unconnected Au grains, the lines were homogenous.

a line width increase of about 20 nm. Therefore the line dose is not a very
critical parameter for the exposure and can be varied over a large range.

A parameter, which has not been considered up to now, is the angle of
the sample with respect to the evaporation source. Usually the evaporation
is done under normal incidence angle. Due to the special shape of the
exposed area in the resist (Fig. 2.4), a change of the tilt angle can have a
substantial inuence on the wire width. This is shown in Fig. 2.10. For two
di�erent tilt angles the measured line width is plotted again as a function
of the line dose. Again a logarithmic behaviour is found and the line width
is signi�cantly lower than at normal incidence. With this method, wires
smaller than 50 nm are feasible. Fig. 2.11 shows a wire with a width of
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27 nm.

Abbildung 2.11: Narrow Au-wire written with
e-beam lithography combined with the lift-o�
process.

2.4 Bonding and testing

The samples produced with the techniques described above have to be
contacted. For that, large contact pads with a size of a few 100 �m2 have
to be evaporated, which make contact to the sample. The substrate is then
glued into a chip carrier (see Fig. 2.12) and the pads of the chip carrier are
connected with the pads on the substrate using an ultrasonic wire bonder.
These connections are made of a well conducting material. The chip carrier
itself can be inserted into the chip-carrier socket located in the experimental
set-up, e.g. the sample stick for the cryostat.

Before cooling down to low temperatures the sample is normally checked
at room temperature. Measuring its resistance provides relevant informa-
tion, namely whether the sample is conducting at all and whether all bond
contacts are low-ohmic. This can however only be done if the Si-substrate
has an insulating barrier on top, otherwise the slightly doped Si substrate
acts as a shunt resistor. At low temperatures on the other hand, the con-
duction carriers of the substrate freeze out and the supplied current ows
only through the sample.

2.5 Low temperature measurements

2.5.1 Cryogenic liquids

As mentioned in Section 1.1 most of the mesoscopic e�ects are restricted
to low temperatures. All the relevant energies are of the order of meV or



2.5. LOW TEMPERATURE MEASUREMENTS 29

Abbildung 2.12: Device for measurement of the thermopower in AuFe spin
glasses. The substrate is glued into a chip carrier. Two or three wires
connect the contact pads of the chip carrier with those of the sample.

smaller, which correspond to temperatures of the order of a few K. This
means that a great e�ort has to be made to achieve low temperatures. For
this purpose various types of cryostats have been developed [44].

Most of today's cryostats use cryogenic liquids to cool down the sam-
ple. Easy to handle and relatively cheap is liquid nitrogen N2, with which
temperatures down to its boiling temperature of 77 K can be achieved. For
lower temperatures the more expensive He-4 has to be used. At a pressure
of 1 bar, it has a boiling temperature of 4:2 K, which can further be re-
duced when lowering the pressure. In a He-4 cryostat this is realized with
permanent pumping at the He-4 bath, resulting in a lower temperature
limit of about 1:3 K. This is however not satisfying for many measurements
in mesoscopic physics. Subkelvin temperatures are feasible with the even
more expensive He-3, whose vapour pressure curve is shifted towards lower
temperatures compared to He-4 (see Fig. 2.13). Its boiling temperature
decreases from 3:2 K at a pressure of 1 bar to 0:3 K at 10�3 mbar. In a
dilution refrigerator a mixture of He-4 and He-3 provides temperatures as
small as 10 mK. Even lower temperatures can be achieved with paramag-
netic demagnetization of the nuclear core spins.

2.5.2 The He-4 cryostat

The He-4 cryostat used in our laboratories was manufactured by Cryogenics
Ltd. Its schematics is shown in Fig. 2.14 left. The He-4 is stored in a
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Abbildung 2.13: Vapour pres-
sure of He-4 and He-3 [44].

large reservoir in the interior of the cryostat. Various features are built
in to minimize the heat intruding the cryostat and to keep the helium
consumption small. The He-4 bath is surrounded by a radiation shield
which is thermally connected to the liquid N2 reservoir and therefore held
at 77 K. This protects the He-4 from room temperature heat radiation.
The He-4 reservoir, the radiation shield and the outer wall of the cryostat
are separated by vacuum, such that no heat conduction can take place.
Furthermore all metallic connections are made of stainless steel, which has a
small heat conductivity, furthermore the cross sections in vertical direction
are minimized to reduce the heat owing down into the cryostat through
heat conduction.

In the middle of the cryostat, a tube is placed, which reaches from the
bottom to the top of the cryostat. Into this so called variable temperature
insert (VTI) a sample stick can be loaded from the top of the cryostat. The
VTI is connected to the He-4 bath with a needle valve through which liquid
He-4 enters the VTI. If it is pumped from outside, the He-4 evaporates and
the required latent heat is extracted from the environment. This means
that the sample stick is cooled to the boiling temperature of the He-4 at
the actual pressure. Two thermometers are placed inside the VTI, the
�rst is next to the needle valve, the second one on the sample stick, in
close contact to the sample. The sample temperature can be varied by
adjusting the power of a heater loop. In order to apply high magnetic
�elds, a superconducting magnetic coil made of Nb3Sn is placed in the He-
4 bath around the VTI. With a maximum current of 120 A a magnetic
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Abbildung 2.14: Schematics of the He-4 cryostat (left) and the He-3 cryo-
stat (right).
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�eld of 9 T can be established. Furthermore the He-4, which surrounds
the magnet, can be cooled down to 2:2 K when pumping at the so-called
�-plate. This increases the critical current of the superconducting coil and
therefore the maximum �eld to 11 T.

2.5.3 The He-3 cryostat

As mentioned above, the use of He-3 provides much lower temperatures
since its vapour pressure is higher at the same temperature (Fig. 2.13).
The costs for He-3 however are astronomically high, such that the He-3
has to be contained in a volume and is recycled. Running a He-3 cryostat
consists of two steps. First the He-3 has to be condensed and in a second
step the liquid He-3 is pumped on resulting in a base temperature of 0:3 K.
The cooling power for the condensing process is provided by a He-4 bath
in which the He-3 volume is embedded. Therefore the design of the outer
part of a He-3 cryostat (see Fig. 2.14 right) can be borrowed from the He-4
cryostat. At 4:2 K the He-3 is gaseous, in order to condense it, it has to
be cooled down to a temperature lower than about 2 K (confer Fig. 2.13).
This temperature can be achieved with the same process used in the He-4
cryostat. A needle valve connects the He-4 bath with the so-called 1K-
stage, a small pot which is pumped on and reaches a temperature down to
1:3 K. This stage is in thermal contact with the He-3 volume such that a
heat exchange takes place. The He-3 is hereby cooled down and condenses
into the He-3 pot placed at the bottom of the He-3 volume. After about
30 minutes the He-3 gas has fully condensed and the second step can start.
Using a charcoal pump built into the He-3 volume, the pressure is reduced
to about 10�3 mbar resulting in a base temperature of 0:3 K. This lowest
temperature can be maintained during a typical time of about 12 h before
all of the He-3 has been evaporated and the condensing step has to be
performed again. Below the He-3 pot a sample stage is mounted, which
has the same base temperature. With the help of a heater wire, the sample
temperature can be adjusted. The He-3 pot and the sample stage are
separated from the He-4 bath by vacuum, such that heat exchange with
the "warm" He-4 bath is reduced to blackbody radiation, which is however
small at these temperatures.

2.5.4 Noise measurement setup

The circuit used to measure noise is displayed in Fig. 2.15. The sample has
to be biased by a small current, which is provided by a oating DC voltage
source with high series resistors. Two of them are at room temperature,
the others are mounted next to the sample on the stick and are therefore at
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low temperature. Two capacitors to ground are further used, which build
a low-pass �lter with a time constant of about 0:1 s. They �lter out the
high-frequency noise coming from the voltage source and the thermal noise
of the resistors at room temperature.

Abbildung 2.15: Schemat-
ics of the noise measurement
setup. A constant voltage
source is connected in series
with two large resistors Rs

(10 k
 or 100 k
) to provide a
constant current. The voltage
over the resistor is ampli�ed
by two independent preampli-
�ers (EG&G 5184) and are
then correlated using a spec-
trum analyser (HP 89410A).

To measure the voltage uctuations over the sample, one end is con-
nected to ground and the voltage at the other end is ampli�ed with a gain
of 1000 by two independent low-noise preampli�ers (EG&G 5184) oper-
ating at room temperature. The noise spectrum is then obtained by a
cross-correlation of the two ampli�er signals. Only the common noise sig-
nal originating from the sample contributes to the cross-correlation whereas
the individual noise of each preampli�er is hereby averaged out. Note that
noise measurements are always two-terminal type in the sense that the noise
of all contact resistances contribute to the measured noise. Therefore the
voltage contacts have to be as low-ohmic as possible to reduce additional
voltage noise.

In our setup we measure voltage uctuations SU , which are connected
to the current uctuations SI by SU = SI �R2. If we �x the temperature T ,
the measured thermal noise SU = 4kTR is proportional to the resistance
R. The same dependence is given when measuring shot noise SI = 2eV R
at �xed voltage V . A high enough sample resistance R is therefore very
crucial to have an appropriate measurement accuracy.

For an absolute noise measurement, a calibration of the complete setup
is unavoidable. The noise signal is diminished by shunt capacitances from
the leads in the cryostat by a factor of 1=

p
1 + (!RC)2. In both cryostats,

the capacitance is about 660 pF. Since the reduction depends on R and !,
for every sample a separate calibration has to be performed in the speci�c
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measurement frequency window. For that, the thermal noise of the sample
as a function of temperature is measured and compared to 4kT=R. Current
noise of the preampli�ers and external noise sources, e.g. from ground loops,
result in a constant noise o�set, which is corrected hereby as well.



Kapitel 3

The fermionic
Hanbury-Brown Twiss
experiment

3.1 Introduction

Experiments aiming at quantum-statistical properties date back to the
1950s [45]. By then Hanbury-Brown and Twiss developed the methods for
measuring intensity uctuations and their correlations between two photon
beams. Their invention was driven by the need to improve the so-called
Michelson interferometer which was used to measure the size of a star.
Measuring the spatial coherence of the electromagnetic �eld at two dis-
tant points yields directly the size of the light source. Hanbury-Brown and
Twiss replaced this interference experiment by an intensity correlation ex-
periment. Two telescopes separated by a distance d and oriented towards
the same star measure the time-dependent photon intensities I1(t) and I2(t)
(Fig. 3.1). A correlator determines the time averaged correlation function
h�I1(t)�I2(t)i of the deviations �I1;2 = I1;2(t)� hI1;2(t)i. If the photons
incident on the two detectors are completely independent of each other,
the correlation function is zero. For distances d smaller than the spatial
coherence length, however, a positive correlation was measured. Hanbury-
Brown and Twiss tested their method in the laboratory �rst. The light
of a mercury vapor lamp was partitioned by a half-silvered mirror into a
transmitted and a reected beam whose intensities were measured by the
two detectors. In this experiment a positive correlation is measured as well

35
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Abbildung 3.1: The Hanbury-Brown and Twiss experiment used to deter-
mine the size of a star.

as long as the transmitted and the reected beam are phase-coherent.

3.2 Quantum statistics

The positive correlation found in both experiments may be interpreted as
an enhanced detection probability in a two-photon coincidence experiment.
This is a generic property for particles obeying Bose-Einstein statistics.
Often the e�ect is illustrated by saying that bosons have the tendency for
bunching (see Fig. 3.2). On the other hand for a stream of classical parti-
cles described by Maxwell-Boltzmann statistics, the correlation function is
expected to vanish. What about fermions? Due to the Pauli-exclusion prin-
ciple every fermionic state can be occupied by only one particle. Therefore,
a degenerate beam of fermions, which is described by Fermi-Dirac statistics,
is expected to show anti-bunching behaviour in contrast to the bunching
of bosons. This would result in a negative correlation of the intensity uc-
tuations in a beam splitter, since an electron being transmitted cannot be
reected at the same time, and vice versa. Although such an experiment
was proposed for measuring fermionic properties of electrons [46], a realiza-
tion was impossible so far. This is because the electron density for a free
electron beam, which is generated by thermal or electric-�eld emission, is
so low, that the Pauli exclusion principle does not matter in the beam and
the electrons can be described by Maxwell-Boltzmann statistics. Instead
of improving on the free-electron beam, this correlation experiment can
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Abbildung 3.2: Par-
ticles obeying Bose-Einstein-
statistics are known to occur
in bunches with an enhanced
probability. The correlation of
the two branches of a split-
ted boson beam is positive.
In contrary a fermionic state
can only be occupied by one
particle. This anti-bunching
behaviour leads to a negative
correlation.

be realized in a semiconductor nanostructure. In the context of shot-noise
phenomena in solid state nanostructures, such correlation experiments have
been considered so far theoretically [24, 25, 26].

Assume a beam with mean particle number hni incident on a beam
splitter with transmission probability T . The average particle number in
the transmitted and reected channel is hnti = hniT and hnri = hni(1�T ),
respectively. For the auto-correlation of the uctuation �nt = nt�hnti we
obtain:

h(�nt)2i = hniT � (hniT )2: (3.1)

The upper (lower) sign denotes fermionic (bosonic) statistics. For a de-
generate beam of fermions (hni = 1) the autocorrelation is proportional
to T (1 � T ) in accordance with Eq. (1.15). If we set T = 1, i.e. a con-
ductor with no scattering, we get the uctuations of the incoming current
hni � hni2, which vanishes in the case of a degenerate fermionic beam.

In contrast to the autocorrelation function, which is always positive,
the sign of the cross-correlation of the transmitted and reected beam is
speci�c for the particle statistics:

h�nt�nri = �hni2T (1� T ): (3.2)

If we dilute our fermionic or bosonic gas by making the transition hni ! 0,
the crosscorrelation decreases faster than the particle number implying that
no correlations are left. The autocorrelation approaches the same value for
both kind of statistics: hniT . In this limit fermionic, as well as bosonic
statistics can be approximated by Maxwell-Boltzmann statistics.

While several experiments have measured the autocorrelation (i.e. reg-
ular noise) in mesoscopic tunnel junctions and in point contacts [47, 27],
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we present in this work the �rst measurements of a correlation between the
transmitted and reected current in a mesoscopic beam splitter revealing
the anti-bunching property of electrons.

3.3 Experiment

In our experiment we use a 2DEG (two-dimensional electron gas) in the
quantum Hall regime. A lithographically patterned metallic gate serves as
a tuneable beam splitter for the incoming electrons. A constant voltage
source with a series resistor injects the electrons at reservoir IN, which is
coupled to ground with a capacitor to keep the electrochemical potential
constant and to �lter out external noise sources (Fig. 3.3). An injected elec-

Abbildung 3.3: Experimental
set-up for the correlation mea-
surement in a quantum Hall
bar with split gate. The elec-
trons are injected into reser-
voir IN and move along the
edge channel until they ar-
rive at the split gate, where
they can be either transmitted
or reected. The transmitted
and reected current IT;R and
its deviation from the average
�IT;R are measured over Rs

(1 k
).

tron is con�ned into one of the one-dimensional edge channels and travels
along the edge until it reaches the split gate, where it is either transmitted
with probability T and leaves the sample at reservoir T or it is reected and
reaches reservoir R. Note that in the case of zero magnetic �eld, where no
edge channels are formed, it would be impossible to separate the incoming
from the reected beam. The transmitted and reected current IT;R and
their deviation from the time-average �IT;R are measured as the voltage
drop over Rs. From Ref. [26] we can calculate the cross-correlation of the
transmitted and reected current to be

h�IT�IRi = �2ejI j�f � T (1� T ): (3.3)
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with �f the measurement bandwidth. It is clear that if one channel carries
no current (T = 0 or T = 1), the cross-correlation is zero, whereas a
maximum is attained if T = 1

2 . The prefactor 2ejI j is the classical shot
noise value proportional to the incoming current I .

In a �rst experiment the magnetic �eld is adjusted for a �lling factor
� = 4 corresponding to four edge states. Sweeping the gate voltage while
measuring the transmitted current reveals a conductance plateau around
Vg = �0:42 V , with It=I =

1
2 corresponding to two fully transmitted and

two fully reected channels (Fig. 3.4, point A). Assuming no spin-splitting,
two channels with T = 1

2 and two noiseless channels with T = 0 are obtained
for IT =I = 1=4 (Fig. 3.4, point B).

Abbildung 3.4: Transmitted
and reected current at �lling
factor � = 4. The plateau
at point A corresponds to two
fully transmitted (T = 1) and
two fully reected channels
(T = 0). At point B the trans-
mission coe�cients are twice
1
2 and twice 0.

Fig. 3.5 shows the cross-correlation of the uctuations �IT and �IR ver-
sus bias current I for this situation. A nearly linear dependence with a neg-
ative slope is found proving that the uctuations are indeed anti-correlated.
Moreover the autocorrelation of the transmitted channel h(�IT )2i and
the reected channel (not shown here) have a positive slope, which is in
magnitude equal to the cross-correlation. Using the relation h(�IIN )2i =
h(�IT +�IR)

2i = h(�IT )2i+ h(�IR)2i+2h�IT�IRi our experiment con-
�rms that the incoming electron beam is noiseless, which is a consequence
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Abbildung 3.5: Autocorrela-
tion of the transmitted and
crosscorrelation of both chan-
nels versus bias current. The
o�set of the upper curve is due
to the thermal noise of the
1 k
-resistor. The absolute
slope of both lines is 0:07 �2eI .

of the Pauli exclusion principle for a degenerate Fermi-gas. Though the
absolute slopes of h�IT�IRi and h(�IT;R)2i as a function of input current
I are identical to within measurement accuracy, the magnitude is too small
by a factor of 3.5 compared to Eq. (3.3). This is possibly caused by in-
terchannel mixing or by fractional charge quanta. Similar experiments at
� = 2 produce slopes, which are reduced by only about 25 % compared to
the theoretically expected value.

3.4 Thermal uctuations

Up to now the experiments were in the regime eV � k� such that thermal
uctuations are negligible, hence a non-equilibrium experiment has been
performed. Can thermal uctuations at two di�erent reservoirs be corre-
lated, too? From Ref. [26] we expect for the equilibrium correlation of two
di�erent reservoirs at zero applied voltage h�I��I�i = �2k�G0�f(T�� +
T��) as a contribution from every edge state. T�� (T��) is the transmis-
sion probability from contact � to � (� to �). This expression predicts that
thermal uctuations at di�erent contacts are also anticorrelated, provided
T�� or T�� are non-zero. For the equilibrium case, however, the negative
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sign is not speci�c to the statistics, it is a mere consequence of particle
conservation. In our three-terminal device used before we have a direct
transmission from contact T to contact R (TRT = T ), while for the op-
posite direction the electrons have to pass through contact IN and hence
TTR = 0. We expect therefore:

h�IT�IRi = �2k�G0�f � T: (3.4)

The measured correlations for a �lling factor � = 2 are shown in Fig. 3.6 for
three di�erent temperatures (solid symbols). Again negative correlations
are observed, which are proportional to the transmission probability T as
expected from theory. The inset shows the correlation for �xed T = 0:5
and varying temperatures.

Abbildung 3.6: Correlation
of thermal uctuations at
three di�erent temperatures
for a three-terminal device
(solid symbols) and for a four-
terminal device (open sym-
bols). The inset shows the
correction as a function of
temperature.

In a next step we introduce an additional reservoir between contact T
and contact R resulting in a four-terminal circuit (Fig. 3.7). This elim-
inates any direct transmission between T and R and one would therefore
expect that the thermal uctuations of these contacts are not correlated
any longer. This is however only true, if the intermediate reservoirs IN and
IN� are �xed at a constant chemical potential via a capacitor connected
to ground. In this case the correlations are indeed zero (Fig. 3.6 open
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Abbildung 3.7: Schematics of the four-
terminal device with no direct transmis-
sion between the contacts T and R.

symbols). Otherwise the correlations are still present although the elec-
trons are scattered inelastically between contacts T and R. But in this case
the reservoirs cannot be considered as ideal any more, since their chemical
potentials are not �xed (cf. Subsection 1.3.1). The chemical potential of
reservoir IN (IN�) uctuates in the same way as the one of reservoir R (T)
which is equivalent to a direct transmission from R to T (from T to R).

3.5 Conclusion

We have performed the �rst shot-noise correlation experiments for a fermionic
beam, demonstrating anti-correlation in a two-particle coincidence experi-
ment for fermions caused by quantum-statistical properties of the incident
beam. This can be described by the antibunching behaviour of fermions in
analogy to the bunching property of bosons which has been explored in the
seminal Hanbury-Brown and Twiss experiment. The thermal uctuations
of di�erent reservoirs were also found to be anti-correlated for the case of
a direct transmission between both reservoirs. While in a two- or three-
terminal device at �nite temperature, the equilibrium uctuations between
the two contacts are always anti-correlated and non-zero, in a multiterminal
device di�erent contacts may uctuate independently if there is no direct
transmission possible between the two contacts.



Kapitel 4

The 1/3-shot noise
suppression in di�usive
nanowires

4.1 Introduction

The granularity of charge ow, due to the discreteness of electrical charge
in units of e, causes the electrical current to uctuate around its average
value I . The spectral density of these uctuations SI are known as noise
[11]. In equilibrium (I = 0) at temperature T , thermal uctuations give
rise to Johnson-Nyquist noise [17] SI = 4kT=R for a wire with resistance
R. For a non-equilibrium situation, in which a net-current ows, excess
noise appears in addition to equilibrium noise. This so called shot noise
is directly related to the degree of randomness in carrier transfer caused
by the electron scattering in the wire. From shot noise one can therefore
obtain information on the conduction mechanism not accessible from con-
ventional resistance measurements. If the number of transferred electrons
in a given time interval is determined by a Poissonian distribution, the
current shows shot noise with a value given by the well known Schottky
formula SPoisson = SI = 2e jI j [15]. This classical shot noise is observed in
tunnel junctions or vacuum tubes, for example [47]. Shot noise for wires
connected to electron reservoirs on each end is lower than the classical
shot-noise value SPoisson by a factor that depends on the ratio of the wire
length L with respect to characteristic scattering lengths like the elastic (le),
electron-electron (le�e) and electron-phonon (le�ph) scattering lengths. In

43
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a ballistic wire (L� le), shot noise vanishes, since scattering is completely
absent [27, 48]. In the di�usive regime (L� le), excess noise varies linearly
with current only if L � le�ph. Two limiting cases can then be distin-
guished. In the interacting (electron-) regime, i.e. L � le�e, the electrons
assume a Fermi-Dirac distribution with a locally varying temperature above
the phonon temperature. The noise is given by the Johnson-Nyquist noise
of the mean electron temperature averaged over the whole wire length. In-
dependent of material and geometric parameters, shot noise is reduced by a
factor of

p
3=4 from the classical value [35]. On the other hand in the non-

interacting (electron-) regime, i.e. L� le�e, the distribution function f is
no longer a Fermi-Dirac function. For this regime various theories predict
a fundamental shot noise reduction factor of 1=3. Using random-matrix
theory, Beenakker and B�uttiker have calculated this factor �rst [29]. In
their derivation, the conductor is implicitly assumed to be phase coherent
and the factor is obtained as the ensemble-averaged value. In a semiclas-
sical picture, where no phase-coherence is required, the uctuations of the
distribution function f yield surprisingly the very same suppression factor
[30]. Moreover, the sequential transfer of electrons through a series of tun-
nel barriers has also been shown to lead to exactly the same noise reduction
factor of 1=3 in the limit of a large number of barriers [32]. Recently the
universality of the 1/3-suppression factor has been extended to multiter-
minal di�usive conductors with arbitrary shape and dimension [33]. Note
that this reduction factor does not depend on any geometric parameter like
length, width or thickness nor on the sample resistance.

The fact, that the same reduction factor of 1=3 is derived from a quantum-
mechanical and a classical model, could be ascribed, on �rst sight, to a
numerical coincidence. However this identity is not so astonishing, if one
considers that the Drude conductance G = G0Nle=L can also be deduced
quantum mechanically as well as classically. Both conductivity and noise
rely on the same principles [34].

Despite the remarkable universality of the reduction factor 1=3 obtained
from various theoretical models for the non-interacting electron-regime, a
clear experimental con�rmation in the asymptotic limit eV � kT , in which
shot noise is much larger than thermal noise, is lacking. To clearly distin-
guish the non-interacting from the interacting regime by noise measure-
ments, a relatively high accuracy is needed allowing to separate the two
close-lying reduction factors 1=3 and

p
3=4 from a measurement of noise,

which by itself is a small quantity of order 10 pV/
p
Hz.

The �rst experiment in this �eld was done by Liefrink et al. [49] using
a two-dimensional electron gas, which was electrostatically con�ned into a
wire. A linear variation of the noise with current was found. The measured
reduction factors however were ranging from 0:2 to 0:45. Steinbach et al.
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[35] found excellent agreement with the
p
3=4-theory for a Ag wire of 30 �m

length, but reported a value between 1=3 and
p
3=4 for a 1 �m long wire,

although theory [50] predicts L� le�e for this length at 50 mK. Schoelkopf
et al. were the �rst to study high-frequency (quantum-) shot noise of di�u-
sive wires [51]. By comparing measured di�erential-noise dSI=dI with the
1=3 and

p
3=4 theories, good agreement was found for the non-interacting

regime. However, the absolute slope, i.e. the 1=3-reduction factor, was not
measured in the asymptotic limit eV � kT . A novel approach enabling to
distinguish between the interacting and the non-interacting regimes, was
introduced by H. Pothier et al., who measured directly the distribution
function f(E; x) of a wire by tunneling spectroscopy [52].

We will show in the present chapter that the electron reservoirs con-
nected to the wire are of great importance for the con�rmation of the
1=3-suppression factor. Bounded by the limiting values 1=3 and

p
3=4,

the measured noise-reduction factor can in principle distinguish between
the non-interacting (L � le�e) and the interacting regime (L � le�e ).
This is, however, only true, if heating in the electron reservoirs is absent.
Our experiments demonstrate, that noise-reduction factors close to

p
3=4

can be measured, even though the wires are in the non-interacting regime!
This is demonstrated to be caused by unavoidable reservoir heating, which
results in a signi�cantly increased measured slope of the shot noise in the
asymptotic limit. We discuss noise measurements of three Au wires that
mainly di�er in the size of the attached electron reservoirs. The sample
with the thickest reservoirs, i.e. the highest reservoir heat conductivity,
closely approaches the universal 1=3-shot noise reduction factor.

4.2 Theory

4.2.1 Noise in di�usive conductors

The current owing through a wire exhibits uctuations �I = I(t) � I
around the average current I . The spectral density of these current uc-
tuations, i.e. current noise, can be written as the Fourier transform of the
current autocorrelation function [12]:

SI (!) = 2

Z 1

�1

dtei!th�I(t+ t0)�I(t0)it0 : (4.1)

In thermodynamical equilibrium Eq. (4.1) yields SI = 4kT=R, called ther-
mal or Johnson-Nyquist noise [17]. Under current bias the individual charge
pulses of the electrons give rise to out-of-equilibrium noise known as shot
noise. If the electrons pass rarely and completely random in time governed
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by a Poissonian process, one obtains the classical shot noise SI = 2e jI j
as derived by Schottky [15]. If in contrast the electron stream is denser,
correlations due to many-particle statistics induced by the Pauli principle
or due to Coulomb interaction can signi�cantly reduce shot noise [11]. For
�h! � kT thermal and shot noise display a white spectrum (frequency in-
dependent). In contrast, resistance uctuations related to the dynamics
of impurities in the sample display in general so called 1=f -noise propor-
tional to 1=! over a large frequency range [12]. We restrict ourselves to a
frequency range, which is high enough to safely neglect the 1=f -noise.

An elegant framework to describe the shot noise power of a mesoscopic
device is the Landauer-B�uttiker formalism [18, 19, 20, 21]. It is valid in
linear response and in the absence of inelastic scattering. The current is
carried by independent parallel channels with a transmission probability

Tn. The conductance is then written as G = e2

h

P
n Tn and the shot noise

at zero temperature reads [22, 23, 24, 25, 26]: 1

SI = 2e jV j e
2

h

X
n

Tn(1� Tn): (4.2)

A di�usive wire is described as an ensemble of many parallel channels.
Random matrix theory predicts a bimodal distribution function for trans-
mission probabilities, which leads to a suppression of shot noise by a factor
of 1=3 compared to its classical value [29]:

SI =
1

3
2e jI j : (4.3)

Nagaev proposed a semiclassical approach to determine the noise in a
di�usive wire [30]. Starting from a kinetic equation for the electron oc-
cupation probability f(E; x), current noise is shown to be related to the
uctuations of the occupation number given by f(1 � f). Explicitly, the
following equation was derived:

SI = 4G

�Z 1

�1

f (E; x) [1� f (E; x)] dE

�
wire

: (4.4)

In this approach, phase coherence is not required in contrast to random
matrix theory. Furthermore, it has the advantage that inelastic scatter-
ing processes can easily be included. They are introduced by scattering

1Note, that a more general expression of Eq. (4.2) is SI = 2e jV j e
2

h
Tr tty(1 � tty),

where t is the transmission matrix, that connects the quantum mechanical wavefunction
of the incoming states with those of the outgoing states. Therefore, Eq. (4.2) is only
correct if tty is diagonal, i.e. the modes are chosen to be eigenfunctions of tty and the
transmission probabilities Tn are its eigenvalues.
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integrals Iee for electron-electron scattering and Iph for electron-phonon
scattering. f can be obtained by the following di�usion equation:

D
d2

dx2
f (E; x) + Iee(E; x) + Iph(E; x) = 0: (4.5)

D is the di�usion coe�cient of the electrons [31]. The boundary conditions

are given by Fermi-Dirac distributions with f (E; 0) = [exp(E=kT ) + 1]�1

for the left reservoir and f (E;L) = [exp ((E � eV )=kT ) + 1]
�1

for the right
reservoir. It is assumed that the reservoirs keep the two ends of the wire
at constant electrochemical potential 0 and eV , resp., and at a constant
temperature T (Fig. 4.1 bottom left). If inelastic scattering is absent (non-
interacting regime), the solution of Eq. (4.5) is a linear combination of the
two reservoir distribution functions (0 � x � L):

Abbildung 4.1: The electron distribution function of a wire connected to
two large reservoirs at its ends is shown for the case of an applied voltage
V . In the reservoirs and at the wire ends the distribution function is a
Fermi-Dirac distribution at the chemical potential 0 and eV (bottom left).
Within the wire it is a two-step function if no inelastic scattering is present,
L � le�e (solid line) or it is a Fermi-Dirac distribution with an e�ective
electron temperature kTe being of the order eV if L� le�e (dashed line).

f (E; x) =
L� x

L
f (E; 0) +

x

L
f (E;L) : (4.6)

which has the shape of a two-step function (Fig. 4.1 bottom right). Inserting
this into Eq. (4.4) one obtains for the noise:
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SI =
2

3

�
4kT

R
+
eV

R
coth

�
eV

2kT

��
: (4.7)

This equation is identical to the result obtained with the Landauer-B�uttiker
formalism and describes the crossover from thermal noise at V = 0 to an
asymptotic shot noise behaviour SI =

1
3 �2e jI j for eV � kT . As mentioned

above, the same reduction factor also results from a model using sequential
tunneling through a series of tunnel barriers. Although various theories
predict a universal 1=3-noise reduction factor for the non-interacting regime,
no experiment has yet con�rmed the 1=3-slope in the asymptotic limit eV �
kT .

Another special case arises if L � le�e. The electrons can exchange
energy among each other and are therefore in a local thermodynamic equi-
librium. Hence, the occupation probability f(E; x) is described by a Fermi-
Dirac distribution with a local electron temperature Te(x) at the electro-
chemical potential �(x) = x

LeV :

f (E; x) =
1

e
E��(x)
kTe(x) + 1

: (4.8)

The temperature pro�le Te(x) along the wire can again be calculated from
Eq. (4.5), which reduces to a heat-ow equation:

$0

2

d2T 2
e

dx2
= �

�
V

L

�2

+ �

�
k

e

�2 �
T 5
e � T 5

�
; (4.9)

where $0 = �2

3

�
k

e

�2
is the Lorenz number and � is a parameter describ-

ing electron-phonon scattering. Eq. (4.4) turns now into SI = 4k hTeix =R.
Hence, the excess noise is now solely due to thermal noise of the hot elec-
trons and SI is determined by the electron temperature averaged over the
whole wire length. For L � le�ph the electron-phonon term can be ne-
glected and an analytical solution exists for the temperature pro�le (inset
Fig. 4.2) [53]:

Te(x) =

s
T 2 +

x

L

�
1� x

L

� V 2

$0

: (4.10)

This leads to:

SI =
2kT

R

�
1 +

�
� +

1

�

�
arctan �

�
; (4.11)

with � =
p
3eV=2�kT . For eV � kT one obtains SI =

p
3=4 � 2e jI j '

0:43 � 2e jI j.
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Abbildung 4.2: Calculated noise power for the non-interacting regime L�
le�e, (lower curve) and for the interacting regime where L � le�e (upper
curve). To distinguish between the two regimes in the asymptotic limit a
ratio of at least eV=kT ' 10 is required. The inset shows the temperature
pro�le in the interacting regime along the wire for eV=kT = 20.

Fig. 4.2 displays the expected noise versus applied voltage for the non-
interacting regime according to Eq. (4.7) and for the interacting electron
picture according to Eq. (4.11). Both curves start at V = 0 with thermal
noise and separate into two straight lines with di�erent slopes for eV �
kT . The �gure suggests that at least eV=kT � 10 is necessary in order
to distinguish the two regimes by the measured asymptotic slopes. An
experiment under such highly non-equilibrium conditions requires special
care in the treatment of dissipation due to the large unavoidable power
input. In particular, one has to consider how energy is removed in the
reservoirs attached to the wire.

4.2.2 Reservoir heating

The theory described above assumes ideal boundary conditions for the elec-
trons at the immediate wire end. The electrons in the reservoirs are de-
scribed by a Fermi-Dirac distribution with a constant electrochemical po-
tential � and a constant bath temperature T independent of the current
owing through the wire. This assumption is only correct for reservoirs of
in�nite size with in�nite electric and heat conductivities. For real reser-
voir materials, e.g. Au, Ag, Cu, the actual size and heat conductance of
the reservoirs will matter. In the following we discuss the di�erent con-
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tributions that can give rise to a temperature increase in the reservoirs
caused by the generated power V 2=R which has to dissipate in the reser-
voir and substrate. It will turn out that noise is substantially a�ected

Abbildung 4.3: The power V 2=R produced in the wire has to be dissipated
in the reservoirs and in the substrate. For that it has to pass a series of ther-
mal resistors. First, it is distributed in the reservoir by di�usion. Then, the
heat is transferred by electron-phonon scattering into the phonon system
of the reservoir from where it ows into the substrate and �nally into the
cryogenic bath kept at the constant temperature Tbath. Over every ther-
mal resistor a temperature drop proportional to the resistance and power
is induced.

in the non-interacting regime, if the reservoir temperature rises. The heat
ows through a chain of di�erent thermal resistors connected in series (see
Fig. 4.3). We start at the top of the heat chain where the electronic heat
spreads out radially into the whole reservoirs. We take the radius of the two
inner semicircles to be r1 = le�e=2. For the non-interacting regime these
semicircles may be considered as part of the wire itself (the inner white
part in Fig. 4.3). This is justi�ed since the 1=3-suppression has been shown
to hold independent of the wire geometry, as long as the wire is shorter
than le�e [33]. Since a change in temperature is only de�ned over distances
larger than le�e, we assume a constant temperature in this inner region.
This is the highest temperature and denoted with Te;hi. Going radially
outwards, the power spreads by electronic heat di�usion in the electron gas
which is described by a thermal spreading resistance Re�diff , similar to
well known electrical spreading resistances. The transfer of energy from
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the electron gas to phonons in the reservoirs can be neglected up to a ra-
dius of order le�ph. For higher radii the electron-phonon scattering length
provides a natural cuto� for the electronic heat di�usion. We therefore
de�ne the largest radius r0 to be the smaller of either le�ph or the planar
reservoir size Lres. At this distance the electron temperature has dropped
to Te;lo. In the heat-chain model, the thermal resistance for the conversion
of energy from electronic to lattice degrees of freedom follows next. First,
energy ows into the phonon system of the reservoir resulting in a di�erence
between Te;lo and the reservoir phonon temperature Tph. The correspond-
ing thermal resistance is denoted by Re�ph. Then, a thermal-boundary
resistance RK (Kapitza resistance) may give rise to a di�erence in phonon
temperatures of reservoir Tph and substrate Tsub. Finally, the generated
heat is transferred into the cryogenic bath, held at the constant bath tem-
perature Tbath. This thermal anchor to the bath has the thermal resistance
Rs. The temperature di�erence over each thermal resistor is proportional
to the thermal resistance and the power P owing through it. The mini-
mization of all thermal resistances in the complete heat chain is essential to
prevent Te;hi to rise and thus to prevent the injection of hot electrons into
the wire. This is in particular important for the non-interacting regime,
since it turns out, that a temperature rise in this regime results in sub-
stantial additional noise in the asymptotic limit. This can be understood
from the asymptotic behaviour of Eq. (4.7) for eV � kT which contains a
temperature dependent o�set in addition to the term linear in I :

SI =
1

3
2e jI j+ 8

3
kT=R: (4.12)

For the temperature T , we have to insert Te;hi into Eq. (4.12) as the tem-
perature of the injected electrons. If Te;hi scales linearly with the current
I , the measured slope will be larger than 1=3. It is quite remarkable that
in the interacting regime an increase of Te;hi has only a minor e�ect for the
measured noise. As the linear asymptote for eV � kT passes through the
origin, the correction to the slope is only of second order in kT=eV .

Next we estimate the increase of the four temperatures in the heat chain
Tsub, Tph, Te;lo and Te;hi, when a heat current ows through the chain. The
connection between sample and cryogenic bath determines the increase of
Tsub. We will see later in the experimental section that its dependence on
the power P is phenomenologically best described as:

Tsub =
�
T 2
bath + a � P �1=2 ; (4.13)

where a describes the thermal coupling of the sample to the cryogenic bath.
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A possible di�erence between Tph and Tsub is due to a Kapitza resistance
and can be written as [54]:

Tph =

�
T 4
sub +

P

A�K

�1=4

: (4.14)

A denotes the area of the reservoir and �K is a parameter speci�c for
the interface between reservoir and substrate. Because of the large size of
the reservoirs in this work, this is a small e�ect, but was added here for
completeness.

To calculate the di�erence between electron temperature Te;lo and phonon
temperature Tph in the reservoir, we assume for simplicity that the elec-
tron temperature is constant over the whole reservoir. When we multi-
ply Eq. (4.9) with the electrical conductivity �, the second term on the

right-hand �
�
k
e

�2
�
�
T 5
e;lo � T 5

ph

�
is the power per volume dissipated by

electron-phonon scattering and can be set equal to V 2

RAt . � is now the
electrical conductivity of the reservoir and t its thickness. We obtain:

Te;lo =

�
T 5
ph +

V 2

R

R2
�A

� e
k

�2�1=5

; (4.15)

where we have introduced the sheet resistance of the reservoirR2 = 1= (�t).
The parameter � is known from noise measurements on long di�usive wires
(L� le�ph) [54, 37, 36] and can be used to determine the electron-phonon

scattering length [54] le�ph = 1:31=
p
T 3�.

Finally, in order to determine the temperature in the wire Te;hi, we
have to calculate the temperature gradient in the reservoir due to radial
electronic heat di�usion from the inner semicircles with radius r1 to the
outer ones with radius r0 (see Fig. 4.3). Using cylindrical symmetry the
heat ow density is given by

�!
j = ���!rT =

P

2�rt
�!e r; (4.16)

where r is the radius of a semicircle between r1 and r0, t the thickness of
the reservoir and � the electronic thermal conductivity derived from the
Wiedemann-Franz law � = $0T�, the latter has been shown to be valid
in small wires [35, 36]. Integrating over the temperature gradient

�!rT with
the boundary condition T (r0) = Te;lo, yields for Te;hi = T (r1):

T 2
e;hi = T 2

e;lo + b2V 2; (4.17)

with

b =

r
1

�$0

R2
R

ln
r0
r1
: (4.18)



4.2. THEORY 53

For large applied voltages, the second term on the right-hand side of Eq. (4.17)
dominates and a linear dependence of the electron temperature with respect
to the applied voltage is obtained:

Te;hi = b � V: (4.19)

When inserting Eq. (4.19) into Eq. (4.12), the increase in noise �SI can be
calculated and one obtains for the additional slope:

�SI
2eI

=
4

3

k

e
� b = 4

3

r
3

�3
R2
R

ln
r0
r1
: (4.20)

Hence in the independent-electron regime the measured slope is always
larger than 1=3! The increase in slope is determined by the ratio R2=R and
the geometrical parameters r0 and r1. The electrical parameters R2 and R
are known accurately. For the radii natural cuto�s have been introduced:
le�e=2 for r1 and the smaller of either le�ph or the reservoir size Lres for r0.
Though the assumed values for r0 and r1 are correct on physical grounds,
a more rigorous theory may give a slightly di�erent prefactor. Since r0 and
r1 enter Eq. (4.20) only logarithmically, corrections are small. Both le�e(T )
and le�ph(T ) display a power-law dependence on temperature T e�ectively
resulting in the cuto� term ln (r0=r1) to be temperature dependent as well,
albeit weakly, only proportional to ln(T ). This weaker temperature depen-
dence will be neglected in the following. For r0 and r1 values typical for
the experiment will be used.

In the following we compare the magnitude of the temperature increase
caused by electronic heat di�usion using Eq. (4.17) and electron-phonon
scattering using Eq. (4.15). In Fig. 4.4 the relative increase �T=T is plot-
ted as a function of bath temperature T for �xed eV=kT = 20, which
is a typical value used to distinguish between the interacting and non-
interacting regime. Within the above mentioned assumption, the contribu-
tion from electronic heat di�usion is independent of T , the two plotted val-
ues (dashed lines) correspond to a ratio of R=R2 = 250 and R=R2 = 1000
with r0=r1 = 100. In contrast, the electron-phonon coupling strongly de-
pends on T . Its thermal resistance increases with decreasing temperature,
since the electron-phonon scattering rate is proportional to T 3. This re-
sults in a drastic increase of �T=T at low temperatures in Fig. 4.4 (solid
curves correspond to di�erent lateral reservoir sizes as denoted). Due to
this sharp rise the study of non-equilibrium e�ects at very low temperatures
becomes increasingly di�cult [37]. The large temperature increase due to
the vanishing coupling of the electrons to phonons at low temperatures can
only be compensated by enlarging the reservoir volume. Note that both
contributions depend on the reservoir thickness, which is included in the
reservoir sheet resistance R2.
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Abbildung 4.4: The relative temperature di�erence �T=T is plotted for
eV=kT = 20 as a function of T for various types of reservoirs. The rela-
tive increase due to Re�diff (dashed lines) strongly depends on the ratio
wire resistance R to reservoir sheet resistance R2. The contribution from
electron-phonon scattering (solid lines) is strongly temperature dependent
and increases with decreasing temperature. Its magnitude depends mainly
on the reservoir's lateral size (denoted next to the curve), the electron-
phonon scattering parameter (here � = 5 � 109 K�3m�2) and the ratio
R=R2 (here 250).

Up to now, as a �rst approximation, we have treated electronic heat dif-
fusion and electron-phonon scattering independently. This is certainly not
fully correct. The electron temperature, which is relevant for the electron-
phonon scattering, is not constant over the reservoir as previously assumed.
To determine the temperature pro�le self-consistently, we can combine the
electronic heat di�usion and the electron-phonon scattering term in one
equation, which has a similar form as Eq. (4.9), but now in cylindrical
coordinates. We assume that the voltage drop across the reservoirs is neg-
ligible, so that the heat-generating term can be omitted:

$0

2

�
d2T 2

e

dr2
+
Te
r

dTe
dr

�
= �

�
k

e

�2 �
T 5
e � T 5

ph

�
: (4.21)

The power enters the system at a semicircle of radius r1 de�ning the �rst
boundary condition. According to Eq. (4.16) it is given by:

$0

2

d

dr
T 2 (r1) =

P

2�r1
R2: (4.22)

We now assume the reservoir to be terminated by a semicircle of radius
r0. The heat ow at the end of the reservoir must vanish and the second
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boundary condition reads:

$0

2

d

dr
T 2 (r0) = 0: (4.23)

The di�erential equation (4.21) together with the boundary conditions
(4.22) and (4.23) cannot be solved analytically. To obtain quantitative
estimates for Te;hi, we have performed a simulation using the method of �-
nite elements. We have varied the power P , the electron-phonon scattering
parameter � and the reservoir outer and inner radii r0 and r1. The main
results are as follows: The electron temperature decays approximately ex-
ponentially from Te;hi at the inner radius r1 to a base temperature Te;lo
at r0. The decay length, over which Te � Tph is reduced by a factor e,
is about le�ph=4, where le�ph is the electron-phonon scattering length at
Te;lo ' Tph. The resulting temperature pro�le of two simulations with dif-
ferent � is plotted in Fig. 4.5. The inset shows the di�erence Te � Tph on
a logarithmic scale. The two straight slopes indicate the exponential decay
of the temperature Te to Tph. The decay length depends only slightly on

Abbildung 4.5: Resulting temperature pro�le in the reservoir obtained from
a computer simulation using the method of �nite elements. For an incoming
power of 200 nW and a reservoir sheet resistance R2 = 42 m
, the electron
temperature Te;hi rises from 0:3 K to 0:8 K. The curves are calculated with
di�erent electron-phonon scattering parameters: � = 5 � 109 K�3m�2 for
the dashed line (le�ph = 110 �m) and � = 1 � 109 K�3m�2 for the solid
line (le�ph = 250 �m). The inset shows the logarithmic behaviour of the
same graphs but after subtracting the phonon temperature of 0:3 K from
the electron temperature.
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the power P . If r0 � 2 � le�ph no signi�cant raise of Te;lo with respect
to Tph is found and Te;hi depends only on the incoming power and the
reservoir sheet resistance. This corresponds to the limit described above,
where the electron-phonon contribution is small compared to the one from
electronic heat di�usion. It can be used as a design criteria for reservoirs
appropriate in minimizing dissipative reservoir heating. The reservoir size,
which is required for this is plotted as a function of Tph in the inset of
Fig. 4.6. The simulation also shows that the functional behaviour of Te;hi
with applied voltage V can be described like in Eq. (4.17). The relation
b /

p
R2=R is still valid consistent with Eq. (4.18) and the proportionality

factor corresponds to a ratio of about r0=r1 = 100, which is very reasonable.
Such a ratio would also follow from our simple analytical model, when the
electron-phonon scattering length is inserted for r0 and the electron-electron
scattering length for r1 taken at subkelvin temperatures. This discussion
shows that large reservoirs are needed to minimize the increase in reservoir
temperature. In particular, if Lres � le�ph is followed in the design of the
reservoirs, the main contribution for the relative temperature rise �T=T
is caused by electronic heat di�usion, which is displayed in Fig. 4.6 as a
function of the applied voltage for three di�erent ratios of R=R2. As can
be seen, the temperature increase can be substantial.

Abbildung 4.6: Calculated temperature increase �T=T due to electronic
heat di�usion as a function of applied voltage. A linear variation follows
if eV=kT � p

R=R2. The inset shows the lateral reservoir size necessary
to prevent a temperature increase due to electron-phonon scattering. It is
given by 4le�ph = 5:24=

p
T 3� with � = 5 � 109 K�3m�2.
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4.3 Experiment

4.3.1 Design

In the experiments described below we explore the 1=3-shot noise suppres-
sion in the non-interacting regime and study the inuence of di�erent reser-
voir con�gurations. In view of the important role of the reservoirs discussed
above a careful design of the experiment is crucial. The non-interacting
regime requires L � le�e. For an estimate of le�e we use Altshuler's for-
mula valid for a one-dimensional wire:

le�e =

" p
2

kB

!�
�h

e

�2
D � w
T �Rw

2

#1=3
: (4.24)

where w is the width and Rw
2
the sheet resistance of the wire [50]. For

a typical Au wire with a thickness of 15 nm, di�usion coe�cient D =
120 cm2/s, width w = 100 nm and Rw

2
= 2:3 
, we �nd a scattering length

le�e = 4:2 �m at 0:3 K. Using standard e-beam lithography, a wire with
a length of 1 �m connected to two reservoirs is feasible. Shorter wires are
di�cult to fabricate because of proximity-e�ect from exposing the large
areas of the two reservoirs.

As mentioned above, in order to distinguish the 1=3 from the
p
3=4-

regimes a ratio of at least eV=kT ' 10 is necessary. A low base tempera-
ture is required, since otherwise the applied voltage becomes too high and
electron-phonon scattering in the wire is unavoidable. To get an estimate
of the inuence of electron-phonon scattering on noise we have to compare
the wire length with the electron-phonon scattering length at tempera-
ture eV=k. We �nd that a deviation in noise of about 1% would result if
L ' 4 �le�ph. For a 1 �m long wire with � = 5 �109 m�2K�3 this relates to a
maximum voltage, which corresponds to 17:6 K. For a ratio of eV=kT = 40
(the largest ratio used in the experiment), the bath temperature shall be
lower than 440 mK. As explained above the reservoir heating strongly de-
pends on the ratio R2=R, which ought to be as small as possible to avoid
heating. In our experiment we will vary this ratio. As we have �xed the
length of the wire, its width and thickness should be small to achieve a high
wire resistance. On the other hand, the reservoirs have to be as thick as
possible and made of a highly-conductive metal to reduce R2.

The size of the reservoirs has to be chosen according to the electron-
phonon scattering length le�ph in the reservoir. Its radius r should be about
twice le�ph to avoid a signi�cant di�erence between electron and phonon
temperature, see inset of Fig. 4.6. With � = 5 � 109 m�2K�3 we obtain
le�ph = 1:31=

p
T 3
e � = 110 �m at 0:3 K, which means that two rectangles
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with 200 �m � 400 �m on each side are su�cient [36]. Note, that for 50 mK
this length even exceeds 1:5 mm.

An estimate has also to be made for the temperature increase due to a
Kapitza resistance. As a worst case estimate for �K we use 100 W/m2K4.
With a heating power of 50 nW we expect a temperature increase of only
25 mK, which is small compared to the applied voltage eV=k = 12 K.

In our experiment, a possible increase of the substrate temperature Tsub
is taken into account, since we can measure Tsub directly with noise ther-
mometry using an additional monitor wire on the same substrate.

4.3.2 Sample fabrication

The samples were produced with standard e-beam lithography. A 600 nm
thick PMMA-resist was spun on an oxidized Si(100)-wafer and structured
with a JEOL JSM-IC 848 at an acceleration voltage of 35 kV. The pattern
consisted of a line (line dose � 1:8 nC/cm) and of two areas on each side
of the line. To correct for the proximity-e�ect the area dose was increased
in steps from the wire ends (� 200 �C/cm2 � 100 %) to the outer part
of the 50 �m writing �eld (140 %). The pattern with the corresponding
dose distribution is shown in Fig. 4.7. These small structures were written

Abbildung 4.7: Dose distribu-
tion of the pattern in a 50 �m
writing �eld in order to cor-
rect proximity-e�ect. The in-
nermost area (100 %) has a
typical dose of 200 �C/cm2.

with a probe current of 40 pA, whereas for the large pads written within
a 500 �m writing �eld a probe current of 16 nA was used. In order to
enable a second lithography step 8 alignment marks were written. This
structure was repeated up to 40 times on the same substrate. The resist
was developed in MiBK : IPA = 1 : 3 during 45 s. Metal evaporation
was performed with the two-angle evaporation technique as described in
Section 5.2. First a 15 nm Au-layer was evaporated under normal incidence.
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Then for the reservoirs a second 200 nm Au-layer was evaporated at a tilt
angle of 30� without breaking the vacuum. This ensures a good contact
between the wire and the reservoir. Even larger reservoirs were produced
in a second lithographic step in which 1 �m thick Cu layers were aligned
over the previous reservoirs. Relevant parameters of the three samples are
summarized in Table 4.1.

4.3.3 Noise measurement setup

The lower inset of Fig. 4.8 shows the noise measurement set-up. The sample
with resistance R is biased by a current provided by the constant voltage
source connected to large series resistors Rs � R. The voltage over

Abbildung 4.8: Thermal noise of sample AI used for the calibration of
the noise measurement set-up sketched in the lower inset. The upper in-
set shows the substrate temperature measured on an additional unbiased
monitor wire as a current ows through the sample.

the sample is then ampli�ed with a gain of 1000 by two independent low-
noise preampli�ers (EG&G 5184) operated at room temperature. The noise
spectrum is obtained by a cross-correlation of the two ampli�er signals
using a spectrum analyzer (HP 89410A). This correlation scheme e�ectively
removes voltage-o�set noise from the preampli�ers [55]. For every data
point the signal is averaged over a frequency bandwidth of 70 kHz at a
typical center frequency of 300 kHz (at this frequency 1=f -noise is absent).
With a measuring time of 60 s a sensitivity of 10�22 V2s for each wire
is achieved. As we measure the voltage uctuations SV = SI � R2, the
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signal SV = 1
32eV � R is proportional to R. We aimed at a precision of

1% at a ratio eV=kT = 40, which gives us a lower limit for the sample
resistance of R = 90 
. Within the geometrical requirements the typical
resistance is however in the range of 10 � 20 
. To increase the sample
resistance and with it the precision, we use a series of many identical wires,
all attached to individual reservoirs. The resistance of each wire was �rst
measured at room temperature to obtain the scattering �R around the
average resistance R.

For an absolute noise measurement, a calibration of the complete setup
is unavoidable. The measured noise signal is a�ected by shunt capacitances
from the leads in the cryostat which partially diminish the dynamical sig-
nal. We calibrate the measured excess noise against the thermal noise of
the same sample measured within the same frequency bandwidth. This is
done for every sample separately, since the resistance varies from sample
to sample. A typical calibration is shown in Fig. 4.8. The thermal noise
of the sample varies linearly with temperature T according to SU = 4kTR
with an o�set, which arises from current noise of the preampli�ers. Since
the resistance R is known from an independent DC-measurement, the slope
and o�set of the line in Fig. 4.8 provides us with the absolute calibration.

As mentioned above, the substrate heating is determined from the ther-
mal noise of an unbiased monitor wire on the same substrate. A typical
measurement is displayed in the upper inset of Fig. 4.8. The dependence
of the data could best be accounted for by the phenomenological relation

Tsub =
�
T 2 + a � P �1=2. It yields as �t parameter a = 1:31 � 105 K2/W,

which is speci�c for the cryostat.

4.4 Results and discussion

We now discuss the experimental results for three di�erent samples which
mainly di�er in the heat conductance of their reservoirs. In Fig. 4.9 the
measured shot noise of the samples (AI, B, AII) is plotted. The solid
lines are calculated assuming non-interacting electrons (lower curve, slope
1=3) and interacting electrons (upper curve, slope

p
3=4). Two corrections

are included in these theoretical lines: the increased substrate temperature
using the parameter a and the relative scattering of the wire resistances
around its average �R=R, which has however only a small inuence of
around 1%. The relevant sample parameters are summarized in Table 4.1.

Sample AI consists of 28 wires with an average resistance of R = 11:8 

and 200 nm thick Au reservoirs resulting in a reservoir sheet resistance of
R2 = 42 m
. In Fig. 4.9a the measured noise of this sample as a function
of current is shown. Within the accuracy of the experiment, the data points
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Abbildung 4.9: Shot noise measurements for three di�erent samples with
di�erent ratio R=R2 at a bath temperature Tbath = 0:3 K. The upper line
corresponds to the prediction of L � le�e (asymptotic slope

p
3=4), the

lower one to L � le�e (slope 1=3). The measured noise is signi�cantly
increased due to reservoir heating depending on R=R2.

lie on the
p
3=4-curve and one may on �rst sight infer that the length of the

wire (910 nm) is much longer than the electron-electron scattering length
in contradiction to Eq. (4.24). This conclusion is, however, only valid if
reservoir heating is completely absent.

For sample B the same wire length and reservoir thickness are used.
Since the wires of this sample are narrower, their resistances R are higher,
so that we expect to have less heating as compared to sample AI, since
R2=R is reduced. As is evident from Fig. 4.9b the measured noise is indeed
much lower lying closer to the 1=3-curve than to the

p
3=4-curve. For the

highest applied voltage we have eV=kT ' 35 in both cases.

Rtot [
] # R [
] L [nm] w [nm] R2 [m
]
�
R2=R

�1=2
AI 329 28 11:8 910 160 42 0:060
B 129 6 21:5 940 100 42 0:044
AII 74:6 8 9:3 910 170 2:8 0:018

Tabelle 4.1: Sample parameters at 0:3 K. Samples AI and B had 200 nm Au
reservoirs, whereas for Sample AII an additional layer of 1 �m Cu has been
evaporated.
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In order to increase R=R2 even further, we have fabricated thicker reser-
voirs with a much lower sheet resistance. Sample AII has initially been the
same as sample AI, but in a second lithography step a 1 �m thick Cu
layer has been evaporated onto the reservoirs in addition to a thin Au layer
preventing oxidation of the Cu reservoir (see Fig. 4.10). This reduces the
reservoir sheet resistance considerably to 2:8 m
. During the second pro-
cessing of the sample, several wires were lost and only 8 of them remained
for the measurement of sample AII. Because of the reduced total resistance
Rtot, the measured noise voltage is lower, thus increasing the scatter in
the data points, but a clear reduction of the slope is visible when com-
paring with the measurement of sample AI (see Fig. 4.9a and Fig. 4.9c,
respectively). The data points are now consistent with the 1=3-prediction.

Since an asymptotic slope of 1=3 is the prediction for the non-interacting
electron regime, sample AII has to be in this regime and therefore also AI
(same wires), even though the latter displays a signi�cantly increased noise
indistinguishable from an asymptotic

p
3=4-slope. Since the wires used for

sample B are made from the same material with a similar length, sample
B must be in the independent regime as well. All three samples are in the
non-interacting regime according to the theoretical estimate given above.
However, only for sample AII with the highest conducting reservoirs the
measured noise corresponds to the prediction for this regime. For the other
two samples additional noise is detected, which increases as R=R2 becomes
smaller.

Abbildung 4.10: SEM mi-
crograph of sample AII. The
Au wire is terminated by
200 nm thick Au reservoirs.
In an overlaid second lithog-
raphy step an additional layer
of 1 �m Cu is evaporated to
increase the reservoir thermal
conductance.

We explain this increase of noise with electron heat di�usion in the
reservoirs. Since we have estimated Re�diff to be the dominant ther-
mal resistance for all reservoirs in this work, we expect from our model,
that the temperature of the electrons injected into the wires to vary as
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Te;hi =
�
T 2
sub + b2 � V 2

�1=2
according to Eq. (4.17). Inserting this voltage-

dependent temperature into Eq. (4.7) we can treat b as a �t parameter
which describes the magnitude of the heating. If our heating model is
valid, b /pR2=R. In Fig. 4.11 the �tted values of b are plotted as a func-

tion of
p
R2=R for the three samples. Within the error bars it is consistent

with the proportionality to
p
R2=R as we have proposed it with our heat-

ing model. The plotted line is a least square �t with the assumption that
for

p
R2=R = 0 (i.e. ideal reservoirs) no heating is present. The values

of b are higher by a factor of 1:8 than expected from our model. A higher
thermal resistance between electron and phonon temperature Re�ph would

scale with
p
R2=R as well. Such a contribution can however be ruled out.

Although the relevant parameter � = 5 � 109 m�2K�3, which was obtained
in a 20 nm thick Au �lm, could be smaller in the reservoir due to a larger
di�usion coe�cient, such an increase would be negligible. A contribution
from a Kapitza resistance would be independent of R2=R. A calculation
using �K = 100 W/m2K4 would explain in maximum an increase of 22 mK
corresponding to a change in b of about 23 K/V, which again is negligible.

Abbildung 4.11: The parame-
ter b, which describes the en-
hancement of the measured
noise by heating, is extracted
from the data of Fig. 4.9. It
is proportional to

p
R2=R.

The origin of the graph cor-
responds to a slope of 1=3
expected for ideal reservoirs
R2 = 0.

In view of the current debate of a possibly enhanced electron-electron
interaction, it is important to identify whether the additional shot noise
originates from heating or from electron-electron scattering. A possible
contribution to the noise arising from electron-electron scattering is however
independent of R2=R and would thus shift the values of b by a constant
o�set. From Fig. 4.11 we can estimate such a contribution in our data to
be less than 100 K/V corresponding to an increase of 0:01 � 2e jI j in the
asymptotic limit (see below).

The nearly linear dependence of b with
p
R2=R proves that the major
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part of the additional noise in our experiment can solely be explained by
thermal heating due to a temperature gradient in the reservoir and that
the wires are indeed in the non-interacting regime.

Our measurements support experimental results by Schoelkopf et al.
[51] who compared measured di�erential noise on short di�usive wires with
the interacting and non-interacting theories and found good agreement only
for the non-interacting regime, hence the 1=3-theory. These experiments
were performed at lower voltages where heating e�ects are less important
(Fig. 4.6). However, the absolute slope of SI in the asymptotic limit could
not be extracted in that work. An absolute value has been reported by
Steinbach et al. The measured slope was however found to be signi�cantly
larger than 1=3. They explained the increase of noise partly by heating and
partly by residual electron-electron interactions and proposed to use the
shot noise measurement for an independent measurement of the electron-
electron interaction in thin metal �lms. The uncertainty on how large the
electron-electron scattering really is, has led to the experiment by H. Poth-
ier et al. [52] who directly measured the electron distribution function by
tunneling spectroscopy. Based on those results we have estimated the resid-
ual contribution from electron-electron scattering in our wires. The only
relevant parameter is the ratio of the dwell time of an electron in the wire
�D = L2=D = 70 ps to the scattering parameter �0 = 1 ns from Ref. [52]. A
numerical simulation is used to calculate the electron-distribution function
f(E; x) in the wire. Inserting this distribution into Eq. (4.4), we obtain
the shot noise which is now slightly larger than 1=3 � 2e jI j in the asymp-
totic limit. This increase due to electron-electron scattering is however
only of the order of 0:07 � 2e jI j. As mentioned above our data displayed
in Fig. 4.11 is not in contradiction, since the error bars would allow for an
o�set independent of R2=R of the order of 0:01 � 2e jI j.

4.5 Conclusion

We have shown, that for a metallic di�usive wire a shot noise power con-
sistent with the universal value 1=3 � 2e jI j is experimentally obtained in
the asymptotic limit eV � kT if the reservoirs are designed to minimize a
temperature rise as current ows through the wire. This implies that the
ratio between wire resistance R and reservoir sheet resistance R2 should
be large, i.e. of the order of 1000 to avoid a large temperature gradient
due to electronic heat di�usion from the wire region into the reservoirs.
The lateral reservoir size is set by the electron-phonon scattering length.
To avoid a di�erence between the electron and phonon temperatures, the
radius of the reservoir should be at least 2le�ph. In a very striking man-
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ner, our experiment demonstrate that shot-noise reduction factors close top
3=4 can be measured in the asymptotic limit even for wires that must be

in the independent-electron regime! Though we have a hold of the universal
1=3 noise-suppression factor for di�usive wires in the non-interacting elec-
tron regime, another lesson can be drawn from the present experiments: In
all highly non-equilibrium electric-transport experiments conducted at low
temperatures one has to include the complete environment up to macro-
scopically large distances. In this respect experiments di�er markedly from
the approach of a theorist, who can separate the wire from the environ-
ment by imposing ideal boundary conditions. However, ideal boundaries
(reservoirs) are non-trivial in real experiments!
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Kapitel 5

The crossover from
L� le�ph to L� le�ph

5.1 Introduction

In this chapter the electron heating measured with noise thermometry is
described for wires in the range from L � le�ph to L � le�ph. The local
increase of the electron temperature can be essential already for small cur-
rents and is well described by a heat-di�usion equation for the electrons.
Depending on the electron thermal conductance and the electron-phonon
coupling in the wire, di�erent length regimes are identi�ed. The quantita-
tive knowledge of the electron temperature is important for the analysis of
nonequilibrium e�ects involving current heating in mesoscopic wires.

If an electrical current ows through a mesoscopic wire, the electron
temperature rises above the phonon temperature. Especially at low temper-
atures this increase can be substantial and may inuence the measurements
of electronic transport properties.

Several methods have been developed to measure the electron temper-
ature. An indirect technique was �rst used by Giordano [56], who used
the temperature dependence of the electrical resistance as a thermometer.
Analogously Dorozhkin et al. [57] estimated the electron temperature by
exploiting the known temperature dependence of the weak localization. A
very di�erent technique was used by Molenkamp and de Jong [58], who
measured the local electron temperature in a 2DEG quantum wire under
dc bias current using the thermopower of a quantum point contact. Another
direct tool for the determination of the electron temperature was �rst im-
plemented by Roukes et al. [37] with the use of electric-noise measurements

67
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in the limit L� le�ph.

In thermodynamical equilibrium at temperature T , when the time-
averaged current I is zero: SI = 4kT=R (Johnson-Nyquist noise) [11].
Even for I 6= 0 the electrons are still in local equilibrium if the wire length
L is much larger than the inelastic electron-electron scattering length le�e.
Hence, the electrons still assume a Fermi-Dirac distribution, albeit with
a spatially varying electron temperature Te, which is increased above the
phonon temperature Tph. In this hot-electron regime, the noise is deter-
mined by the mean electron temperature SI = 4khTei=R. In the steady
state the current heating is balanced by the electronic heat conduction to
the contact pads (Fig. 5.1a) and by the heat transfer to the phonon system,
which is determined by the electron-phonon scattering length le�ph. For
large applied voltages V � kTph=e, two limiting cases can be distinguished:
hTei is either proportional to V if L � le�ph [35] or to V 2=5 if L � le�ph
[37, 54]. In this chapter we bridge the gap between these limiting cases by
experiments which are compared to theoretical predictions [31].

5.2 Sample fabrication

Using standard e-beam lithography we fabricated Au-wires with a length
ranging from 0.84 �m to 200 �m on oxidized Si-wafers. In a �rst step a
2 nm Ti-layer was evaporated under a tilt angle of 30� to provide good
adhesion for the contact pads. In a second step 20 nm Au were deposited
under perpendicular evaporation (Fig. 5.1b). In a third step 200 nm Au
were evaporated again under a tilt angle of 30�. The tilt angle of the �rst
and third step was adjusted to the undercut angle of the resist such that
no material was deposited in the wire region (Fig. 5.1c). The large, thick
Au pads served on the one hand as thermal reservoirs for the electrons and
on the other hand as contacts for ultrasonic wire bonding.

The 20 nm thick Au �lms had a typical sheet resistance of R2 ' 1.7 
 at
2 K, at which temperature the noise measurements were done. The voltage
across the wire was ampli�ed with a gain of 1000 by two independent low-
noise preampli�ers (EG&G 5184) operating at room temperature. The
noise spectrum was obtained by a cross-correlation of the two ampli�er
signals using a spectrum analyzer (HP 89410A). For every data point the
signal was averaged in a frequency interval of 20 kHz at a typical frequency
of 400 kHz where contributions from 1/f-noise and other noise sources can
be neglected. The absolute amplitude of the noise signal was calibrated for
every wire against thermal noise at zero current and temperatures ranging
from 2 K to 10 K. The sensitivity of our measurement set-up for noise is
of the order of 10�21 V2s resulting in a precision of 50 mK for a 360 
-
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Abbildung 5.1: (a) Schematic of the wire fabricated for noise measurements;
(b) perpendicular evaporation of the wire material, (c) evaporation of thick
reservoirs under a tilt angle; (b) and (c) are cross sections along the dashed
line in (a).

resistor. Since voltage noise is proportional to R, this implies a lower limit
for the resistance and for the wire length of about 10 �m for a 50 nm wide
Au-wire. To overcome this limit, series of up to 50 equal short wires were
fabricated with reservoirs in between (Fig. 5.2) using the angle evaporation
technique described above. The noise signal of a single wire is multiplied
by the number of wires allowing to measure wires shorter than 1 �m.

5.3 Experiment

Figure 5.3 shows the spectral density of the noise and the corresponding
mean electron temperature versus the applied electric �eld E for �ve dif-
ferent samples (A-E) corresponding to a-e. Three of them (A, B, E) are
discussed here in detail as they represent three di�erent length regimes.
For better comparison of samples with di�erent resistances we have plotted
SIR = 4khTei. The electric �eld determines the amount of energy locally
transferred to the electron gas. Symbols denote measurement points and
solid curves are theoretical �ts. Sample A is a 50 �m Au-wire (L� le�ph),
sample B consists of 5 wires of 10 �m length (L ' le�ph) and sample E
consists of 30 wires of 0.84 �m length (L� le�ph).

The noise behaviour of all these regimes can be quantitatively explained
by a nonlinear di�erential equation, which describes the spatial dependence
of the electron temperature in a wire [31]:
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Abbildung 5.2: 50 wires with a length of 840 nm and a width of 140 nm
each with large, thick thermal reservoirs in between were fabricated using
the technique illustrated in Fig. 5.1. The inset shows one single wire.
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where the parameter � is related to the electron-phonon scattering length
le�ph = 1:31=

p
T 3
e � (Ref. [54]). Eq. (5.1) has the form of a heat-di�usion

equation. The left hand side describes heat di�usion due to a gradient of
Te, the �rst term on the right hand side is a source term describing Joule
heating, whereas the second term accounts for the heat transfer from the
electron to the phonon system due to electron-phonon scattering. The inset
of Fig. 5.3 shows the calculated temperature pro�le along the wire for the
three di�erent samples.

For the long wire limit (L� le�ph), the inuence of the contact pads can
be neglected and the electron temperature is nearly constant over the whole
wire except close to the reservoirs, where Te drops to the lattice temperature
(inset of Fig. 5.3 upper curve). Therefore the left hand side of Eq. (5.1) can
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Abbildung 5.3: Measured noise power and corresponding electron temper-
ature versus applied electric �eld for three di�erent samples. Sample A is a
50 �m long Au-wire (R = 812 
, width w = 110 nm), sample B consists of 5
wires of 10 �m length in series (R = 667 
, w = 120 nm), sample E consists
of 30 wires with a length of 0.84 �m (R = 300 
, w = 140 nm). a...e cor-
respond to samples A...E, respectively. The typical current range is 45 �A.
The thickness of the Au �lms is 20 nm, its sheet resistance R2 ' 1:7 
 at
the measuring temperature T = 2 K (A,B) and T = 2:2 K (E). The solid
lines are �ts using Eq. (5.1). The inset shows the calculated temperature
pro�les along the wire for the three di�erent samples for E = 160 �V/�m.
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be omitted for long wires and SI = 4kB(T
5
ph+(eE=kB)2=�)1=5=R. Using this

approximation curve a) was calculated, which shows very good agreement
with the experiment. Since for large voltages Te � Tph, we obtain the
dependence Te / E2=5 in this limit [37]. Even for the comparatively high
phonon temperature of 2 K, a current of only 3 �A (corresponding to E '
50 �V/�m) leads to an increase of Te of ' 25% above Tph. The heating
e�ect becomes even more pronounced at lower temperatures. For Tph =
0:3 K Eq. (5.1) predicts for sample A a doubling of the mean electron
temperature to 0.6 K induced by a current of only 300 nA.

If L ' le�ph, the inuence of the contact pads can no longer be ne-
glected and leads to a cooling of the electrons close to the reservoirs. In
this intermediate regime Eq. (5.1) has to be solved numerically taking into
account all the three terms. The reservoirs in a sample with N wires of
length L e�ectively reduce the mean electron temperature compared to a
single wire of length N �L although the overall resistance is the same (in-
set of Fig. 5.3). This cooling e�ect is clearly seen when comparing b) with
a) in Fig. 5.3. The corresponding theoretical curve was obtained by solv-
ing Eq. (5.1) numerically and averaging the electron temperature Te over
the whole wire. The agreement with the experimental data points is again
very satisfactory. The �ts for samples A and B yield similar values for the
electron-phonon coupling parameter: � ' 5 �109 K�3m�2 corresponding to
le�ph ' 7 �m at 2 K. Our value of � is in agreement with the values for
Cu and Ag from Refs. [37, 35].

For sample E (30 wires with 0.84 �m length) the cooling of the reservoirs
is so e�ective that nearly no heating takes place for the electric �elds shown
in Fig. 5.3. Nevertheless, T 2

e varies along the wire and assumes a parabolic
shape. Since L � le�ph for each individual wire, the second term on the
right hand side of Eq. (5.1) can be neglected and one obtains after spatial
averaging:

SI = (2kBTph=R)(1 + (� + 1=�) arctan�); (5.2)

where � =
p
3eV=2�kBTph. This leads to SI = (

p
3=4)2eI , i.e. hTei / V ,

for eV � kBTph.

Sample C (5 �m wire length) and sample D (2:5 �m wire length) are
further examples for the regime L � le�ph and con�rm the smooth crossover
from L � le�ph to L � le�ph or the increase of the cooling power of the
reservoir for decreasing wire length.

The measured noise for sample E in a wider current interval is shown
in Fig. 5.4. The size of the squares represents the measurement accuracy.
As expected for eV � kBTph a roughly linear variation of SI is found
at higher currents. For lower currents SI rounds o� and approaches the
equilibrium thermal noise. The whole current range is accurately described
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Abbildung 5.4: Noise mea-
surement of sample E of
Fig. 5.3 (30 wires in series
with a length of 840 nm). The
solid line is the prediction of
Eq. (5.2), which has no ad-
justable �t parameter. The
inset shows the temperature
pro�le of a single wire for 0,
75 and 150 �A (from bottom
to top).

by Eq. (5.2), which contains no adjustable �t parameters. This proves that
electron-phonon scattering can be neglected in a metallic wire of this length
at 2 K. The curves a, b and c of the inset show the calculated temperature
pro�les for 150, 75 and 0 �A, respectively.

5.4 Conclusion

In conclusion, we have demonstrated that noise measurements are a pow-
erful tool to obtain information on electron heating e�ects in narrow metal
wires. The measured electron temperatures are in excellent agreement
with model calculations for all wire lengths ranging from L � le�ph to
L � le�ph. The experiments demonstrate, that electron heating depends
crucially on the length of the wires and the presence of thermal reservoirs.
Hence, our results have important implications for the sample layout of
electric microcircuits at low temperatures.
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Kapitel 6

Disorder dependence of
electron-phonon
scattering

6.1 Theory

Up to now we have assumed that for T = 0 the power transferred from the
electron to the phonon system is proportional to T 5

e , corresponding to a
behaviour Te / E2=5. As can be seen in Fig. 5.3 curve a, there are small,
but signi�cant deviations in the measured electron temperature from the
theoretical E2=5-curve. The data points at low electric �elds are below the
�tted curve, whereas those for high electric �elds are above it. A E0:45-
relation would best describe these data. The deviations however are small
compared to the cooling of the electrons for wires with L � le�ph, therefore
the deviations considered here are not relevant for the main message of
Chapter 5.

The power law P / T 5 is based on the T 3-dependence of the electron-
phonon scattering rate ��1e�ph, which is the case for a three-dimensional
phonon gas in the clean limit at T � �D [60]. In order to account for
other possible power laws, we will use in the following the general expression
��1e�ph / T p. The energy per volume needed to heat the electron system by

a temperature di�erence dT is dQ = CedT where Ce =
�2

3 k
2
BN(�F ) � Te is

the electronic speci�c heat, with N(�F ) the density of states at the Fermi
energy. This energy decays with a rate ��1e�ph. The power dP needed to

75
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raise the electron temperature by dT is then given by:

dP = ��1e�ph � Ce � dT: (6.1)

The total power required to sustain an out-of-equilibrium situation with
Te > Tph is therefore:

P (Te)�P (Tph) :=
Z Te

Tph

��1e�phCedT /
Z Te

Tph

T p+1dT / (T p+2
e �T p+2

ph ): (6.2)

For Te � Tph the dependence of the electron temperature on the elec-
tric �eld is therefore Te / E2=(p+2). This proportionality can also be
obtained by a di�erent consideration [61]: the mean energy per scatter-
ing process transferred from an electron to the phonon gas is of the order
of kTe and must equal the mean energy gained due to the electric �eld
between two electron-phonon scattering events: kTe ' eEle�ph, where
le�ph =

p
D�e�ph is the electron-phonon scattering length, from which

the same relation Te / E2=(p+2) is obtained. From our empirically deduced
E0:45-relation we can extract the exponent describing our data best to be
p = 2:5.

Deviations from the clean limit prediction p = 3 have been a topic in the
80s and 90s, when people started to conduct electron heating experiments in
small disordered �lms. The clean limit is de�ned by an the elastic scattering
length le much larger than �T , the wavelength of a phonon with energy kT .
In this case, the probability that an electron scatters elastically between
two electron-phonon scattering events is small and the electron trajectory
can therefore be viewed as ballistical. In the opposite limit, when le � �T ,
the electron's motion is di�usive (dirty limit). With the use of qT = 2�=�T
as the wave vector of a phonon with energy kT , we can de�ne the clean
limit as qT le � 1 and the dirty limit as qT le � 1. Metallic bulk samples,
especially at high temperatures, are indeed in the clean limit, but for most
thin metal �lms at cryogenic temperatures qT le ' 1. In the dirty limit the
inuence of electrons scattering with transversal phonons has to be taken
into account, a process which is completely absent in the clean limit. A
calculation including disorder has been made by Schmid et al. [62]. The
result is a correction factor from the T 3-dependence of ��1e�ph in the clean

limit de�ned by B(qT le) = ��1e�ph=T
3 (see Fig. 6.1). This factor reaches a

constant value for qT le � 1 consistent with the relation ��1e�ph / T 3 for the
clean limit. In the dirty limit, however, B is proportional to qT le and since
qT / T a T 4-behaviour of the electron-phonon scattering rate is expected.
If qT le is of order unity, B decreases with increasing qT le resulting in an
exponent p ' 2:5.
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Abbildung 6.1: Electron-
phonon scattering rate as a
function of qT le,which is the
wavevector of a phonon with
energy kT multiplied with the
mean free path and is varied
over 6 orders of magnitude in
the plot.

Although several experiments have been conducted in order to verify
this theory, a clear con�rmation is still lacking. Nearly all the experiments
aiming to determine ��1e�ph measured the power needed to establish the
non-equilibrium Te > Tph, which is now given by:

P (Te)� P (Tph) =

Z Te

Tph

B(T; le)T
3CedT: (6.3)

Three di�erent techniques were mainly used to determine the electron tem-
perature: a direct method using noise thermometry [37, 54], and two in-
direct methods using the temperature-dependence of weak-localization [57,
63, 64, 65] or of the resistance [66, 67, 68, 69]. Except for Refs. [54, 57, 67] a
possible increase of the phonon temperature due to the power dissipation in
the wire has not been considered. Like in Subsection 4.2.2 we can construct
a heat-chain model where the power V 2=R, which is transferred from the
electron gas into the phonon system via the heat resistance Re�ph, has to
ow into the substrate over a possible Kapitza resistance RK (see Fig. 6.2).
In order to study electron-phonon scattering, we need RK � Re�ph, such
that the phonon temperature does not increase signi�cantly when raising
the electron temperature. In the opposite limit RK � Re�ph, the phonon
temperature is nearly as high as the electron temperature and the measured
Te(E)-curve is mainly determined by the Kapitza resistance. With the use
of Eq. (4.14) we expect a P / T 4

e -behaviour in the latter case pretend-
ing an exponent p = 2 independent of the real temperature dependence of
electron-phonon scattering. For RK ' Re�ph the measured exponent lies
between 2 and the real unknown p. The measured values for p in all the
experiments performed range from p = 2 to p = 3 in agreement with the
previous considerations, but a con�rmation of the proposed disorder depen-
dence is still lacking, since the phonon temperature in all these experiments
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Abbildung 6.2: Schematics that shows
how the power P produced in the wire
is transferred from the electrons at tem-
perature Te �rst into the phonon system
at temperature Tph, before it reaches the
substrate at Tbath. If the experiment
is done below 2:17 K, a superuid he-
lium �lm transfers the power from the
phonons into the bath.

has not been known.

6.2 Experiments

In order to check the prediction of Schmid we have performed heating ex-
periments on metallic wires with varying �lm thickness, which determines
the size of the grains and therefore the elastic scattering length. The pa-
rameter qT le could further be varied by increasing the electron temperature.
Since phonons with an energy of the order of kTe are emitted in the non-
equilibrium, Te is the relevant temperature that enters qT .

Fig. 6.3 shows typical heating curves for a 15 nm thick Au wire measured
in the He-4 cryostat. The shape of the curves for a bath temperature of 3 K,

Abbildung 6.3: Power per
volume necessary to elevate
the electron temperature for a
60 �m long and 15 nm thick
Au wire. A signi�cant di�er-
ence is seen for a bath tem-
perature of 2 K, compared to
3� 6 K.
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4 K, 5 K and 6 K is identical and are only shifted by an o�set power P (Tph),
which is consistent with the expected dependence of Eq. (6.2) P = P (Te)�
P (Tph). The curve at bath temperature of 2 K di�ers signi�cantly. For
the same power the electron temperature is much smaller in this case than
for a larger bath temperature. We explain this e�ect with an additional
cooling channel for the phonons (Fig. 6.2) provided by a �lm of superuid
He-4, which covers all the surfaces in the VTI, if the temperature is below
the �-point of He-4: T� = 2:17 K. For 3 � 6 K, where only exchange gas
is in the VTI, the phonon temperature rises therefore signi�cantly above
the bath temperature. For this case the curves can be �tted with P /
T 4, showing that the major part of the temperature di�erence is over the
Kapitza resistance. The same P / T 4-behaviour is found for a 20 nm thick
Au wire measured in the He-3 cryostat, where the sample is in vacuum
(Fig. 6.4). Since these measurements are subject to an increase in phonon
temperature in the wire, which could not be measured, no conclusions can
be drawn from them. Also for a bath temperature of 2 K the exact phonon
temperature is not known. However the cooling power of the superuid He-4
�lm leads to a clearly reduced phonon and hence also electron temperature.
If the increase of Tph above Tbath is not so dramatic, say only of the order of
Te=2, it can be neglected due to the high power of T

p+2. The curve obtained
at 2 K can best be �tted with p = 2:5, which would be consistent with the
prediction of disorder-dependent electron-phonon scattering as proposed in
Ref. [62] for qT le = 1 � 10, in which range the sample actually is at the
measured electron temperatures.

Abbildung 6.4: Power density
required to elevate the elec-
tron temperature for a 200 �m
long Au wire at a bath tem-
perature of 0:3 K. The lower
solid line is a least square �t
yielding an exponent of 4:1.

A plot of the measurements for 6 wires, all measured at 2 K in the He-4
cryostat, is shown in Fig. 6.5. The sample parameters are collected in
Table 6.1. The elastic scattering length le varies over nearly one order of
magnitude. For every measurement point p=T 5 is plotted as a function of
qT le. It corresponds to the electron-phonon coupling strength and would
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Abbildung 6.5: Electron-
phonon interaction for six dif-
ferent samples as a function
of the disorder parameter lqt.
The solid line is calculated as-
suming a disorder-dependent
electron-phonon coupling with
the use of Eq. (6.3). The o�set
of this line represents the ab-
solute strength of the coupling
and can vary from sample to
sample.

be constant in the clean limit (p=3). All the wires separately however show
a decreasing behaviour as a function of qT le. The plotted solid line is cal-
culated assuming disorder dependent electron-phonon scattering [62] using
Eq. (6.3) and corresponds to the decaying part of B(qT le). To calculate
the power the integral of Eq. (6.2) has to be evaluated by inserting the
disorder dependent expression for ��1e�ph [70]. Furthermore a comparison of
the wires among each other shows that those with smaller le have a higher
coupling strength. Therefore the wires can be described here nearly by one
single universal curve independent of disorder and electron temperature.

Sample Material le[nm] t[nm] L[�m] w[nm] �[�
 � cm]
A AuFe 8:9 22 200 1130 11:1
B Au 20 15 60 115 5:0
C Au 26 20 150 450 4:0
D Au 34 25 60 90 2:9
E AuFe 44 32 1400 570 2:3
F Au 63 30 450 210 1:59

Tabelle 6.1: Sample parameters at 2 K.
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Our data are therefore in agreement with the theory of disorder-dependent
electron-phonon scattering described in Ref. [62]. For a clear con�rmation
however a measurement of the phonon temperature is needed.

To get a rough estimate of the phonon heating in the vicinity of the wire,
we have performed an experiment with two parallel wires with a distance
of 380 nm apart from each other. While one of the wires is heated, the
electron temperature of the unbiased wire, and thus its phonon tempera-
ture, is measured via noise thermometry. Such an experiment showed that
the increase of the substrate temperature can be neglected, nevertheless
it cannot be excluded that the phonons in the wire are at an even higher
temperature.

6.3 Outlook

A possible concept to really measure Tph in the wire is proposed here:
Two wires have to be evaporated on each other with an insulating layer in-
between. As the lower wire is heated, the phonon temperature of both wires
are the same and also equals the electron temperature of the upper wire,
which can then be determined again by noise thermometry. This method
was used in Ref. [57] for two large �lms, the temperature was thereby
measured using the temperature dependence of weak localization. This
experiment has still to be performed for wires using noise as a thermometer.

Recently Zhong and Lin [71] have measured the electron-phonon scatter-
ing rate in the equilibrium case using weak localization and found a relation
��1e�ph / lT 2 for very disordered samples (qT le ' 10�1). The proportional-

ity to l is in agreement with the theory of Schmid, however a T 4-power law
is expected as a temperature dependence. Therefore it is also possible that
the disorder dependence of electron-phonon scattering cannot be described
by the single parameter qT le.
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Kapitel 7

Size dependent
thermopower in
mesoscopic AuFe spin
glass wires

7.1 Introduction

This chapter reports on how noise thermometry is successfully used as a tool
to measure the electron temperature in a heated wire. With this technique
the thermopower of narrow AuFe spin glass wires is determined, which are
thermally coupled at one end to the heated wire.

The scattering of conduction electrons at transition metal impurity spins
(e.g. Fe, Cr, Mn) substantially alters the low temperature properties of
noble metals (e.g. Au, Ag, Cu) [72]. For small concentrations (� 100 ppm)
of the magnetic dopant the Kondo e�ect gives rise to a logarithmic increase
of the resistivity �(T ). Below the Kondo temperature TK a compensation
cloud of conduction electrons is formed around the impurity spins which
gradually cancels their magnetic moment. At higher concentrations (�
1at:%) the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between
the randomly distributed impurity spins competes with the Kondo e�ect
and causes a freezing of the impurity spins into a disordered con�guration
called a spin glass. This is reected by the appearance of a typical broad
maximum in �(T ) since the spin scattering rate again decreases at the lowest
temperatures due to the freezing process.

83



84KAPITEL 7. SIZE DEPENDENTTHERMOPOWER INMESOSCOPICAUFE SPIN GLASSW

Recent experimental work has addressed the existence and relevance of
intrinsic length scales for both the Kondo e�ect and the spin glass freezing
process [73, 74, 75, 76, 77]. The results have so far been controversial: While
some groups [73, 74] report a pronounced depression of the Kondo slope
with decreasing �lm thickness and wire width, other authors claim that the
observed size e�ects are small and can moreover be explained quantitatively
in terms of disorder enhanced electron-electron interaction e�ects [76, 77].
It was also noted that structural disorder may have an important inuence
on the spin dependent part of the resistivity for Kondo alloys [78] as well
as for more concentrated spin glass alloys where a damping of the RKKY
interaction occurs [77, 79].

Theoretical calculations have shown that in the single impurity limit
spin-orbit interactions can induce a size dependent magnetic anisotropy
which results in a size dependent resistivity [80]. For more disordered sam-
ples, an interplay between weak localization and the Kondo e�ect has been
predicted which can account for both a disorder e�ect and a size e�ect [81].
In order to address the open questions related to the size e�ects, it is ob-
viously interesting to look at other transport properties which are a�ected
by the spin scattering. An excellent candidate is the thermoelectric power
(TEP), S(T ), which is known to be strongly enhanced in dilute magnetic
alloys. While in bulk Au S(T ) is positive and small [82], it switches sign
upon adding Fe impurities and its absolute value can be as high as 15 �V/K.
Further increase of the Fe concentration into the spin glass regime again
reduces jS(T )j [83].

Up to now, reliable measurements of S(T ) could not be performed for
mesoscopic samples. In this chapter, we present the �rst quantitative mea-
surements of S(T ) in mesoscopic AuFe wires. Our measuring technique is
based on current induced electron heating to produce the necessary thermal
gradients and noise thermometry for a direct measurement of the electron
temperature. We observe a clear reduction of jS(T )j when the width of
the AuFe wires is reduced from 300 down to 100 nm. Our measurements
allow to directly test the theoretical models which link the size dependence
to a surface induced magnetic anisotropy [80]. Previous experiments on
mesoscopic AuFe wires revealed a pronounced asymmetry of the di�eren-
tial resistance as a function of the heating current [84] which is absent in
pure Au and can be traced back to the enhanced thermoelectric power of
the AuFe [85]. However, the functional dependence of the TEP on size and
temperature could not be determined so far.
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7.2 Experiment

The samples consist of pairs of AuFe wires of di�erent width (forming
thermocouples) connected at one end to a meandric wire which serves as a
heater with resistance RH (see Fig. 7.1). The electron temperature TH in
the heater is raised above the substrate temperature TS when a dc current
I ows through the heater. The other ends of the thermocouple wires are
connected to large contact pads which are assumed to remain at TS .

Abbildung 7.1: Scanning electron micrograph of a typical sample. The four
di�erent thermocouples are labelled AB;CD;EF; and GH .

The wires A;C;E;G on one side of the 510 nm wide heater have the
same nominal width of 300 � 15 nm and serve as a reference to detect small
changes of the thermopower when varying the width of the wires labelled
B;D; F;H on the other side. The latter wires have a width w of 305, 220,
140, and 105 nm, respectively, and their length increases with increasing
w to keep the thermal conductance of all wires constant. The length of
the narrowest wires as well as the distance between the junctions is 10 �m
while the total length of the meandric heater is 1.4 mm. This geometry
provides a nearly at pro�le of TH along the heater except at both ends of
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the heater close to the large contact pads (see Chapter 5). We note that
{ regardless of the temperature pro�le in the sample { in the absence of
a size e�ect in S(T ) no thermovoltages are expected to develop across our
mesoscopic thermocouples made entirely from AuFe.

The samples have been prepared by electron beam lithography and evap-
oration of 99.999% pure Au. In a second step Fe ions have been implanted
at several energies to provide a reasonably constant doping pro�le perpen-
dicular to the �lm [76]. Two series of samples were prepared having nominal
Fe concentrations of 50 and 3000 ppm, respectively. Prior to implantation,
the 30 nm thick �lms had a sheet resistance R2 of 0.3 
 at 4.2 K. After im-
plantation R2 of the 50 ppm Kondo samples remained unchanged while R2
of the 3000 ppm spin glass samples increased to 0.7 
. This corresponds to
an elastic mean free path le of 90 and 40 nm, respectively. SEM and AFM
images indicate that the �lms are polycrystalline with a grain size (20-30
nm) considerably smaller than the wire width. We emphasize that the size
dependence, which we will report in this Letter, cannot be explained by a
simple disorder e�ect since all wires are prepared simultaneously, resulting
in a value of le which is independent of the wire width. Most of the mea-
surements have been performed in a 3He cryostat at a bath temperature of
300 mK.

The idea of our thermopower experiment is the following: If a current I
is sent through the heater wire the electron temperature in the heater rises
above the substrate temperature TS . The temperature at the thermocouple
junctions TJ will be slightly lower than the average temperature of the
heater TH because of the �nite thermal conductance of the thermocouple
wires. The resulting thermoelectric voltage across the thermocouples will
be symmetric in I since TJ(I) is symmetric in I :

Vth(I) =

TJ (I)Z
TS(I)

�S(T )dT ; (7.1)

where �S(T ) = Swide(T ) � Snarrow(T ) is the thermopower di�erence be-
tween the wide and narrow wire of the thermocouple. In order to increase
the sensitivity of our measurements, we measure the di�erential resistance
dV=dI rather than V (I) across our thermocouples. Since Vth(I) is sym-
metric in I , dV=dI will predominantly be antisymmetric in I . According
to Eq. (7.1), the antisymmetric part of dV=dI is directly linked to �S(T ):

dVth
dI

= �S(TJ)
dTJ
dI

��S(TS)
dTS
dI

: (7.2)

The second term in Eq. (7.2) represents the contribution of the also elevated
substrate temperature TS at higher currents. To extract �S(T ), Eq. (7.2)



7.2. EXPERIMENT 87

has to be solved selfconsistently. Similar cross-shaped geometries have been
used to measure mesoscopic TEP uctuations in GaAs quantum wires [86]
and the TEP of quantum point contacts [87]. However, in these experiments
the electron temperature has not been measured independently.

The average temperature in the heater wire TH(I) has been determined
by measuring the thermal noise SU = 4kBhTH(I)iRH of the heater wire
as a function of current bias [36]. For typical heater resistances RH of
1-2 k
 the electron temperature could be determined with an accuracy of
about 50 mK. With a heating current of 80 �A electron temperatures up
to 4 K have been achieved. Figure 7.2 shows an example of TH(I) for the
3000 ppm sample together with a �t corresponding to the semi-empirical
form TH(I) = (aI2 + T b

0 )
1=b, where T0 = 0:3 K is the temperature of the

sample stage. The parameters for the best �t were a = 0:0386 Kb=�A2 and

Abbildung 7.2: Electron tem-
peratures TH(I) of the heater
and TS(I) of the substrate
monitor wire together with
�ts as described in the text.
The dotted line corresponds
to a value of a = 0:0247
Kb=�A2 and indicates the
temperature TJ(I) at the
thermocouple junctions.

b = 4:1. The exponent b is in agreement with the heating measurements
performed on a 200 �m Au-wire in the He-3 cryostat (Section 6.2). From
Figure 7.2 we can deduce le�ph ' 200 �m at an electron temperature of
0:3 K, which is small compared to the wire length L = 1400 �m. At elevated
electron temperatures le�ph further decreases, hence we are for certain in
the regime L� le�ph. Therefore Te is constant over nearly the whole wire
length, meaning that the measured average heater temperature hTHi equals
the temperature in the middle of the wire.

The temperature at the junction TJ(I) has been determined by a nu-
merical solution of the heat di�usion equation based on Ref. [31]. The
calculation uses the measured TH(I) curve to take into account the cool-
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ing through the electron-phonon scattering and the result is indicated by
the dotted line in Fig. 7.2. A comparison of the current dependence of
the resistivity for the di�erent sections of the heater wire con�rms that
the local reduction of TH remains smaller than 10 %. For the highest cur-
rents a power of ' 10 �W is dissipated in the heater, which is su�cient to
also raise the substrate temperature up to TS ' 1 K. The open symbols in
Fig. 7.2 show TS measured on an independent Au wire patterned close to
the AuFe sample while current is sent through the heater wire. The dashed
line is a �t of the form TS =

p
a0I2 + T 2

0 with a0 = 0:00017 K2=�A2. This
functional dependence is expected since the thermal coupling between the
sample stage of the cryostat and the substrate is metallic with a thermal
conductance depending linearly on temperature.

7.3 Results and discussion

In order to detect the response of the thermocouples a small ac current of
1 �A and 116 Hz is added to the dc heating current I and the corresponding
ac voltage is detected with a lock-in ampli�er. We �rst measured in detail
the dV=dI signal for the 50 ppm thermocouples. As shown in the inset of
Fig. 7.3, the thermocouple EF clearly reveals the presence of a signal which
is antisymmetric in I and is of the order of 1 m
. The antisymmetric signal
increases when the di�erence in width �w increases, which can be linked
to a decrease of the thermopower in the narrower AuFe wires. According
to the Gorter-Nordheim rule [82] the measured TEP in our Kondo samples
is strongly reduced by the non-magnetic scattering. The reduction factor is
equal to the ratio of the total resistivity �tot and the resistivity contribution
�Fe [88] of the Fe impurities. Relying on the reported resistivity �Fe for
bulk samples [72, 89], we estimate �tot=�Fe ' 12. According to Eq. (7.2)
and the available data for the thermopower in bulk Kondo alloys [83] we �nd
that for the thermocouple EF the observed thermopower signal �S(T ) is of
the order of 6% of the bulk thermopower. Unfortunately, the poor signal to
noise ratio for our Kondo samples does not allow to draw more quantitative
conclusions concerning the width dependence of the thermopower.

For the 3000 ppm samples a comparison with the data for bulk alloys
[72, 89] indicates that �tot ' �Fe for our relatively clean samples. Con-
sequently, the thermoelectric voltages are considerably larger than for the
Kondo samples and a quantitative data analysis becomes possible. Figure
7.3 shows the antisymmetric part of the dV=dI signal from the thermocou-
ples AB, CD, EF , and GH , respectively (see Fig. 7.1). For the thermo-
couple GH which has the largest di�erence in width �w, dV=dI rises very
sharply from zero, shows a maximum around 7 �A and slowly decreases for
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Abbildung 7.3: Antisymmetric part of the di�erential resistance for the
di�erent thermocouples. Voltage contact V+ was connected to one of the
reference wires A, C, E, G (nominal w = 300 nm) while V� was connected
to one of the narrow wires B, D, F, H (w = 305, 220, 140, and 105 nm,
respectively). Trace AB is an average of several 300/300 nm combinations.
Inset: Asymmetric part of dV=dI for thermocouple EF of a sample with 50
ppm Fe.

higher currents. For decreasing �w in the thermocouples EF and CD the
asymmetry is systematically reduced while the overall shape of the dV=dI
signal remains similar. For the thermocouple AB, where �w is nominally
zero, a residual small asymmetry is observed which is of random sign for
di�erent samples and can be attributed to small size di�erences related to
imperfections of the lithographic patterning.

In Fig. 7.4 we have plotted the temperature dependence of �S(T ) for the
di�erent 3000 ppm thermocouples according to Eq. (7.2). For the Kondo
as well as for the spin glass samples �S(T ) = Swide � Snarrow is neg-
ative, implying that jS(T )j becomes smaller when reducing the width of
the wires. For the 3000 ppm data (see Fig. 7.4) �S(T ) displays a nearly
linear variation above 1.5 K which is close to the spin glass freezing tem-
perature Tf for 3000 ppm [72]. The inset of Fig. 7.4 shows jd�S(T )=dT j
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for the linear regime as a function of the width of the narrower wire of
the thermocouples. At lower temperatures j�S(T )j decreases more rapidly
and is nearly zero at 0.4 K. The measured values of j�S(T )j range up to
0.8 �V/K which should be compared with the value jS(T )j ' 7�V/K ob-
served for bulk AuFe samples with a comparable Fe concentration [83]. On
the other hand, the thermoelectric voltages become very small when both
wires forming the thermocouples are wider than 300 nm. We therefore con-
clude that for Kondo as well as for spin glass AuFe wires the thermopower
is signi�cantly reduced when reducing the width down to 100 nm.

Abbildung 7.4: Di�erence in thermopower as function of temperature for
varying di�erence in wire width. The dashed lines illustrate the linear
behavior ot �S(T ) above 1.5 K. The error bars indicate the uncertainty
introduced by the correction of the temperature pro�le. Inset: Slope of
j�S(T )j at T = 3 K as a function of the width of the narrow wire. The
lines are best �ts of a 1=w3 (solid) and a 1=w (dashed) dependence.

What is the origin of the size dependence? We have checked that the
asymmetric dV/dI is absent in undoped samples. For the more dilute alloys
(� 500 ppm) a magnetic �eld of 17 T completely suppresses the asymmetry.
This proves that the observed thermoelectric voltages are indeed related to
the magnetic scattering. Since the size e�ects are also present in the Kondo
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samples, it is reasonable to link them to a single impurity e�ect along the
lines of Refs. [80, 81]. For relatively high temperatures T � Tf , a consid-
erable fraction of the magnetic impurity spins is still free to ip indepen-
dently in the more concentrated spin glass wires and are therefore expected
to be sensitive to the spin-orbit induced magnetic anisotropy proposed in
Ref. [80]. As shown in the inset of Fig. 7.4, jd�S(T )=dT j increases more
rapidly with decreasing width (/ 1=w3) for the 3000 ppm thermocouples
than the predicted 1=w dependence of the slope of the Kondo resistivity
[80]. At temperatures below Tf the spin ip scattering by the individual
magnetic moments is suppressed by the strong internal �elds which are
present in the spin glass phase. This is consistent with the vanishing of the
�S(T ) below 0.4 K (see Fig. 7.4).

7.4 Conclusion

In conclusion, we have developed a new technique for quantitative mea-
surements of the thermoelectric power on a mesoscopic scale. Our mea-
surements clearly reveal a size dependence of the thermoelectric power
of mesoscopic AuFe wires when the width of the wires is reduced below
' 300 nm. Our observations can be understood in terms of the magnetic
anisotropy which a�ects the spins close to the surface of the sample. The
spin glass freezing at lower temperatures suppresses the size e�ects.
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Appendix A

Voltage uctuations in the
beam splitter experiment

In Chapter 3 the cross-correlation of the transmitted and the reected chan-
nel was calculated as:

h�It�Iri = �2e jI j�f � T (1� T ): (A.1)

This relation is intuitively clear, since it only contains the classical shot
noise value 2e jI j, the frequency bandwidth �f and a term describing the
uctuations due to the beam splitter T (1 � T ). It is however based on
the assumption that the chemical potentials of all three contacts are kept
constant. But this is not the case in our experiment, since two reservoirs
are connected with a resistor Rs to ground and the current owing through
it uctuates itself. Corrections are of the order of Rs=RK and may change
the measured noise intensity with RK = G�1

0 = h=e2. The method to
calculate those corrections is described in this appendix.

Since we measure the voltage and its uctuation over the two resistors
Rs, we need to know the chemical potentials �2 and �3 and their uctu-
ations (see Fig. A.1). In the case of one edge channel, we can use for the
DC-limit Eq. (4.2) written as:

I =
e

h

�
1�T

�
�; (A.2)

where � = (��)�=1;2;3 and I = (I�)�=1;2;3 are vectors containing the chem-
ical potential and the current at reservoir �, respectively. T is the matrix
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with the transmission probabilities between the reservoirs:

T =

0@ 0 0 1
T 1�T 0

1�T T 0

1A : (A.3)

Abbildung A.1: Circuit
for the beam
splitter experiment de-
scribed in Chapter 3.

In most theoretical considerations the chemical potentials are �xed and
with the knowledge of T the resulting currents are calculated. In our ex-
periment however the chemical potentials depend on the injected current
I = V=R and on the transmission probability T . As we have six unknown
variables, we need three more conditions, which can be deduced from the
circuit shown in Fig. A.1. The currents I2;3 owing through the resistors
Rs determine �2;3:

�2;3 = �eI2;3Rs: (A.4)

Furthermore the injected current I equals the current incident at reservoir
�1:

I = I1: (A.5)

For simplicity we set � = Rs=RK . Solving this set of equation yields:

�1 =
h

e
I
(1 + �)(1 + T�)

1 + 2T�
' h

e
I = eIRK (A.6)

�2 =
h

e
I�

T + T�

1 + 2T�
' h

e
I�T = eIRsT (A.7)

�3 =
h

e
I�
1� T + T�

1 + 2T�
' h

e
I�(1� T ) = eIRs(1� T ): (A.8)



95

The approximations made here are valid if � � 1. In this limit the chemical
potential is just the voltage drop over Rs of the current I � T , which ows
through the transmitted channel or I � (1�T ) for the reected channel. As
can be seen from Fig. 3.4, the two plateaux for �2 and �3 are not on the
same level, although in this case one channel is fully transmitted and one
channel is fully reected. This is due to the fact that � is not negligible.

To calculate the crosscorrelation and the autocorrelation of the current
uctuations at zero temperature, we have to introduce the scattering matrix
s, which connects the quantum-mechanical wavefunctions of the incoming
with the outgoing modes:0@ O1

O2

O3

1A = s

0@ I1
I2
I3

1A : (A.9)

s obeys the unitary relation: ssy = 1. In the case of more than one edge
channel, the elements of s are matrices itself, in our case they are complex

numbers with js�� j2 = T�� . For our three-terminal device we have in
analogy to T:

s =

0@ 0 0 s13
t r 0
r0 t0 0

1A ; (A.10)

with jtj2 = jt0j2 = T and jrj2 = jr0j2 = 1 � T . From Refs. [24, 25, 26] we
can calculate the crosscorrelation at two arbitrary contacts � and � as:

h�I��I�i = 2
e2

h
�f

X
�; 6=�

Z
Tr
�
sy�s��s

y
��s�

�
� f(E) [1� f�(E)] dE:

(A.11)
The phases of the elements of s cancel out when calculating the correlations
and we only get terms depending on T :

h�I2�I3i = �2e
2

h
�f j�1 � �2jT (1� T ): (A.12)

In the limit � ! 0, �2 vanishes and we get the same result as in Eq. (A.1).
All the other correlations, where �I1 is involved, cancel out. Similarly the
autocorrelation functions are calculated:

h(�I1)2i = 0 (A.13)

h(�I2)2i = 2
e2

h
�f j�1 � �2jT (1� T ) (A.14)

h(�I3)2i = 2
e2

h
�f j�1 � �3jT (1� T ): (A.15)
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In order to determine the uctuations of �2 and �3 we use the following
relation:

hIi+ �I(t) =
e

h

�
1� T

� hh�i+��(t)
i
+�I(t): (A.16)

The left hand side describes the current I at time t owing into the sample,
which is a sum of the currents driven by the chemical potential at time t
h�i + ��(t) and the intrinsic uctuations �I(t) arising from shot noise.
Subtracting the DC-component of Eq. (A.16) yields:0@ �I1(t)

�I2(t)
�I3(t)

1A =
e

h

0@ 1 0 �1
�T T 0
T 1� T 1

1A0@ ��1(t)
��2(t)
��3(t)

1A+

0@ �I1(t)
�I2(t)
�I3(t)

1A :

(A.17)
Since the voltage uctuations at reservoir �1 are cancelled out by a capac-
itor, ��1 vanishes and with �I2;3� � h=e = ���2;3 we can deduce

��2 = �h
e
��I2

1

1 + T�
(A.18)

��3 = �h
e
��I3

1

1 + �
� h

e
��I2

T�

(1 + �)(1 + T�)
(A.19)

and we �nally get:

h��2��3i = h2

e2
h�I2�I3i �2

(1 + �)(1 + T�)
+
h2

e2
h(�I2)2i T�3

(1 + �)(1 + T�)2
:

(A.20)
Inserting Eq. (A.12) and Eq. (A.14) into Eq. (A.20) we get the cross-
correlation as a function of j�1 � �2j:

h��2��3i = �2h�f j�1 � �2j �2T (1� T )
1

(1 + �)(1 + T�)2
: (A.21)

Since we measure voltage uctuations as a function of the current I :

h�V2�V3i = �2e jI j�fT (1� T )R2
s

1 + T� � �

(1 + 2T�)(1 + T�)2
: (A.22)

The measured voltage uctuations are proportional to the expression for
current-correlations as in Eq. (A.1), a term proportional to R2

s arising from
the measurement resistances and a correction factor, which is equal 1 for
� ! 0.

The whole calculation has been performed for one edge channel. An
extension to more than one mode would result in a much more complex
analysis, since the scattering matrix s consists of matrices. However, two
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simple cases are studied here. For two channels with no interchannel mix-
ing, which are not subject to spin-splitting and have therefore the same
transmission probability T , RK can simply be replaced by h=2e2. This
leads to a doubling in � and an increase in the correction factor. The case
described in Chapter 3 with four channels, where two of them are fully
reected and two are partially transmitted, the same calculation as for two
channels can be performed, but by replacing I with I=2, since half of the
current ows through noiseless channels. The correction factor can be quite
substantial: for two channels, T = 1=2 and Rs = 1k
, the slope is reduced
by a factor of 1:2, and if Rs is increased to 3:2 k
 a correction of 1:8 has
to be performed.



98APPENDIXA. VOLTAGE FLUCTUATIONS IN THE BEAM SPLITTER EXPERIMENT



Appendix B

Corrections to the noise
setup calibration

This appendix describes the corrections, that have to be performed in the
electron heating experiments as described in Chapter 6, if the sample re-
sistance R is not much smaller than the series resistor Rs. Since in the
heating experiments high currents have to be used to increase the elec-
tron temperature signi�cantly, the series resistors have to be chosen small.
Furthermore the sample resistance has to be high enough, otherwise the
accuracy in the noise measurement is not su�cient. Hence the condition
R � Rs is not ful�lled any longer. The complete experimental setup is
shown in Fig. B.1. A constant voltage source with four series resistors
provides a constant current. Two of them are part of an RC-component
at room temperature, which �lter out the noise of the voltage source. The

Abbildung B.1: Noise mea-
surement setup.
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other two series resistors are at low temperature on each side of the sample.
One end of the sample is set to ground, while the other one may uctuate
and is used as the voltage probe for the noise measurement. Seen from this
point, the resistors R and Rs are in parallel, since the other end of Rs is
set dynamically to ground by the capacitance. The thermal noise of both
resistors can be viewed as current sources, which are also parallel to them.
Therefore a part ot the sample's thermal noise also ows through the series
resistor and vice versa. If both resistors are at the same temperature, these
e�ects compensate exactly and the thermal noise of the parallel resistance
results. But if there is excess noise, e.g. due to a temperature di�erence in
a heating experiment, corrections have to be made. The equivalent circuit
is shown in Fig. B.2. The two resistors are in parallel as well as the current
sources from the thermal noise. It can even be more simpli�ed by replacing
the two resistors by its equivalent parallel resistance RkRs and by a current
source with 4k(T=R+Ts=Rs). The measured noise over the voltage contact

Abbildung B.2: Circuits that
replace the one from Fig. B.1.

is therefore

4k(Ts=Rs + T=R)

�
RRs

R+Rs

�2

: (B.1)

When calibrating the noise setup versus thermal noise, both sample and
series resistor are at the same temperature:

Ts = T Scu = 4kT
RRs

R +Rs
: (B.2)

In the measurement only the sample temperature is raised:

Ts < T Smu = 4k(Ts=Rs + T=R)

�
RRs

R+Rs

�2

: (B.3)

Since the measured noise Smu is compared to the noise obtained in the
calibration Scu, the resulting temperature Tm is smaller than the real sample
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temperature T :

Tm
RRs

R+Rs
= (Ts=Rs + T=R)

�
RRs

R +Rs

�2

: (B.4)

The real sample temperature is then obtained by

T = Tm(1 + �)� Ts�; (B.5)

with � = R=Rs. All the measurements shown in Chapter 6 are corrected
using Eq. (B.5).
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Appendix C

Calculation of the heating
in mesoscopic wires

This appendix serves as a guide to estimate the electron temperature in a
wire. It is a summary of all the important formulas to derive the electron
temperature and can be used by an experimentalist to design an experiment
such that no unwanted electron heating is present.

In the regime L � le�ph the electron temperature is constant over the
whole wire length and is a function of two parameters, the applied electric
�eld E and the electron-phonon coupling constant �, which depends on the
used material and probably also on the disorder (see Chapters 5 and 6).
The electron temperature is then given by:

Te = (T 5
ph + (eE=kB)2=�)1=5: (C.1)

Typical �-values for di�erent materials as determined by noise thermometry
are given in Table C.1.

Material �[�
 � cm] �[109K�3m�2] Ref:
Ag 0.45 0.3 [35]
Cu 3.3 8.9 [37]
Au 4 5 [36]
Al 5.5 4 [90]
Al 11 11 [90]

Tabelle C.1: Measured electron-phonon coupling constant � for di�erent
materials and disorder.
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For le�e � L� le�ph the temperature pro�le is no more constant, the
mean temperature is given by:

hTei = 1

2
Tph(1 + (� + 1=�) arctan�); (C.2)

with � =
p
3eV=2�kBTph. The heating depends therefore only on the

parameter eV=kT . If e.g. eV=kT = 1, Te is only increased by 2.5 % above
Tph. On the other hand for eV=kT � 1, the electron temperature depends
only on the applied voltage: hTei '

p
3=8 � eV=k.

In the intermediate regime, where L ' le�ph, the heat di�usion equation
from Section 5.3 has to be solved numerically, thus providing the electron
temperature pro�le in the wire:

�2

6

d2T 2
e

dx2
= �

�
eE
kB

�2

+ � (T 5
e � T 5

ph); (C.3)

For L � le�e, no electron temperature is de�ned. If one uses the
measured noise temperature TN = SIR=4k as the present electron temper-
ature, similar values as in the case L � le�e result. For eV=kT � 1, we
get Te = 1=6 � eV=k.

The considerations made above are only valid for ideal reservoirs. Its
design plays a crucial role, if L� le�ph. Chapter 4 describes in detail, how
these can be realized. On contrary, for L � le�ph, the reservoirs can be
omitted, since the power is dissipated by electron-phonon scattering in the
wire into the phonon bath.
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